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Chapter 1 

Introduction 

1.1  Problem statement 

We deal with decision making in a multiperson (multiagent) setting which can be generally 

formulated as follows: we have a set of options, i.e. possible choices (variants, decisions, 

…), and a set of individuals, called here agents, who can play the role of experts, decision 

makers, etc. The agents openly and explicitly reveal their testimonies which are here 

assumed in a general and convenient form of fuzzy (graded) preference relations that may 

adequately and easily represent preferences of a particular agent with respect to a pair of 

options, represented by some degrees of preference from [0,1] (cf. Carlsson, Fedrizzi and 

Fuller, 2004; Gołuńska and Kacprzyk, 2014; Herrera-Viedma et al., 2014). Evidently, the 

agents can be first of all the human beings, which is a common case in many works, and we 

should therefor try to reflect in our analyses and models some intrinsic characteristic 

features of the human behavior, cognitive styles and limitations, etc. to make our tools and 

technique human centric and human consistent. This should help attain a higher human 

acceptance of the results obtained, and hence an easier implementability of the tools 

developed. This is the philosophy we basically follow in this work. Of course, the agents 

can also be inanimate, for instance some software agents or “intelligent” robots. 

Though there are many aspects of group decision making the very essence of which can be 

meant as the determination of an option (or a set of options) that is best accepted by the 

group as a whole, usually called a group decision. In a more general case, this process ends 

up in a set of options but, for simplicity, we will use here the singular form with the 

understanding that it can mean both a single option and a set of options. In all cases in which 

the distinction between the group decision solution as an option or a set of options will be 

relevant for the analysis or algorithms, we will explicitly indicate it. 

Obviously, this final goal of finding a group decision is reached via some intermediate 

steps. One of them, which can be viewed in many situations as a prerequisite, an 

indispensable (pre)stage for an effective and efficient derivation of such a group decision, 

is the reaching of a consensus in a group of agents involved.  

The group decision solution is here generally meant as an option that an overwhelming 

majority of agents is willing to accept or support as their choice. In virtually all traditional 
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approaches this majority is meant, depending on a particular situation or intention, as “at 

least a half”, “at least 2/3”, etc., even “for all” in an unlikely case. Though such a crisp 

majority is obviously required in many cases, for instance in all kinds of political elections, 

often it does not properly reflect the very essence of the problem in which a human 

perception comes into play. 

In this work we follow a different approach – initiated in a more general case of group 

decision making by Kacprzyk  (1985a, 1985b, 1986), and then followed in a more specific 

case of consensus reaching by Kacprzyk and Fedrizzi (1986, 1988a, 1988b, 1989) – in 

which the majority required is specified in a “softer” way as some linguistic quantifier 

exemplified by most, almost all, etc. Of course, in an extreme case, this can also be “for 

all”. 

The importance of consensus is in this contact obvious because in virtually all cases when 

the group of agents in question is at some sort of a consensus, i.e. there is a widespread 

agreement among the agents, then the reaching of a final group decision is usually sped up. 

Moreover, the quality of the group decision, that is usually meant in terms of its acceptance 

by the group of agents as a whole, is improved. And finally, the practical implementation 

of the final group decision derived, that is using it in practice, is easier.  

To be more specific, we are concerned with a consensus reaching process in a (small) group 

of (human) autonomous agents (decision makers, experts,…) who present their testimonies 

(preferences) assumed to be in the general form of a fuzzy (graded) preference relation 

defined on a (finite) set of options. Then, we assume that the very concept of consensus is 

“soft” in that the agreement of, for instance, just most agents as to their preferences for 

almost all pairs of options. This is in line with some modern approaches that try to formalize 

and then deal with the concept of consensus and its related consensus reaching process in 

a less strict, more human consistent way. This line of research was initiated in the famous 

Special Issue on Consensus in Synthese (cf. Loewer, 1985).  

We do not consider problems of reaching consensus very large groups exemplified by the 

society, nations, etc. This is a different class of problems in which, even if  our very idea of 

a (degree of) consensus may also be applied, the size of the set of agents (and maybe also, 

though to a lesser extent, the size of the set of options) calls for the use of other formal and 

algorithmic means which would provide adequate numerical efficiency because of 

a possibly huge size of the sets of agents and options. 

Usually, the testimonies (i.e. in our case the fuzzy preference relations) of the particular 

agents significantly differ at the beginning, and the consensus reaching process is run on 
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a step-by-step basis by updating the testimonies of particular agents, with respect to 

particular pairs of options, until they become close enough, that is, until the group arrives 

at some sufficient agreement (“consensus”). It is easy to see that there should be some 

measure of the degree of agreements, possibly real valued, for simplicity and an intuitive 

appeal. In our work we employ the soft  degrees of consensus introduced by Kacprzyk and 

Fedrizzi (1986, 1988a, 1988b, 1989, 1996) which, roughly speaking, yield a degree (from 

[0,1]) to which, for instance, most of the important agents agree in their preferences as to 

almost all of the relevant options.   

We obviously assume that the agents are autonomous in the sense that they are free with 

respect to both which values of their preferences between the particular options they 

provide, and as to possible changes of these preferences in the consensus reaching process. 

Of course, these changes are a sine qua non condition for the very process of consensus 

reaching considered here, and for the resulting viability of the new approach proposed. To 

be more specific, the main precondition is that the agents are rationally committed to 

reaching consensus, that is, they must be ready and willing to change their testimonies in 

response to, for instance, rational arguments, some strategic behaviors, etc. Otherwise, 

without the occurrence of such changes, there is obviously no possibility for running any 

consensus reaching process because the initial individual testimonies would not be changed.  

The agents are therefore expected to iteratively (step by step) update their testimonies 

(individual fuzzy preference relations), and – as a result – to finally attain a satisfactory 

degree of agreement. We should however emphasize that though we assume the willingness 

to change testimonies by the agents involved, we are aware that – due to the very essence 

of the human nature – for the human agent any change of his or her opinion usually involves 

some psychological apprehension, that may be considered to be some sort of a “cost”. 

It is easy to see that, due to the very essence of the consensus reaching process mentioned 

above, notably a necessity to change the testimonies step by step, it would be very 

advantage to introduce to the process a special “super- agent”, the so called moderator, 

whose role would be to run the process by analyzing the testimonies, dynamics of their 

changes, all that across the agents and options, then suggest some most promising changes 

of testimonies (mainly in the sense of a possible increase of the degree of consensus, at the 

present step, or maybe for the future), present some rational arguments for such changes, 

suggest some strategic behavior among some agents and their groups, etc. The use of  

a moderator is commonly assumed in group decision making and consensus reaching 

problems and systems, cf. Turban and Aronson (2005), and in our context it has been 
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extensively used and justified (cf. Kacprzyk, Fedrizzi and Zadrożny,1988; Kacprzyk and 

Zadrożny, 2003a) for some early proposals on this topics. 

The above consensus reaching process, the very idea of which has been outlined above, has 

been implemented using a specialized group decision support system with an interactive 

user-friendly interface to view and collect data, share information and opinions between 

agents and with the moderator, suggest some issues and courses of action, etc. all that meant 

to help effectively and efficiently run the process, following the general ideas of Turban 

and Aronson (2005), and – to reflect the specifics of the problem considered in this work – 

the solution advocated by Fedrizzi, Kacprzyk and Zadrożny (1988), Kacprzyk and 

Zadrożny (2003a) or Zadrożny and Kacprzyk (2003). 

It should be noticed that we do not assume the availability of a formal model of consensus 

reaching in the sense of some formal relations between suggestions and their resulting 

changes of testimonies, changes of testimonies and expected future changes of the degree 

of consensus, etc. Such models, developed mostly in many fields of social sciences and 

psychology, are usually too general, not predictive enough, etc. Moreover, due to a lack of 

larger sets of historic data, because consensus reaching sessions usually concern a particular 

situation at a particular time, those models are difficult to identify, i.e. to determine their 

parameters. Therefore, they are not useful for our works. Among such models one can 

mention, just for information, the for instance, the model presented by Karau and Williams 

(1997), which includes effects of the so called “social loafing” (i.e. exerting less effort on 

collective rather than individual tasks) and “social compensation” in that agents increase 

their efforts related to decision making to compensate for a poorer performance of other 

group members. These issues and their related models, though they are very important for 

real social processes and their modeling, fall however outside of the scope of this work and 

will not be considered.  

Moreover, we do not consider hidden factors, in the spirit of Mercik’s (2007) works that 

can have an influence on the effectiveness and efficiency of the consensus reaching 

process. 

Finally, the specific features of our consensus reaching process, mainly due to the fact that 

it is basically meant to proceed in a (small) group of human agents, imply that – even if 

the very spirit is the same because of an universal sense of consensus and its reaching – 

call for different methods that those used in, for instance, distributed systems or knowledge 

based systems, for instance as in the works of Nguyen’s group (cf. Maleszka and Nguyen, 

2012; Nguyen, 2001a, 2001b, 2002, 2006; Sliwko and Nguyen, 2007, to name a few). 
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1.2 Motivation and general research hypotheses 

The general problem considered in this work, and its purpose, as outlined in the previous 

subsection, is – first of all – the development of a moderator driven method, and its related 

architecture and algorithms, of consensus reaching in a group of agents who present their 

testimonies as individual fuzzy (graded) preference relations defined on a set of options. 

The second purpose of our work is the implementation, through a computer based decision 

support system, of the tools and techniques proposed, finally aimed at finding a “best” 

(maybe just good, in practice) group decision. 

 

We assume here a human consistent attitude which is reflected in the use of a human 

consistent soft degree of consensus, introduced by Kacprzyk and Fedrizzi (1986, 1988a, b, 

1989),  that is generally meant as the degree to which “most of the important agents agree 

as to most of the relevant options”. This approach boils down to the use of a fuzzy majority 

expressed by a linguistic quantifier “most” that is here assumed to be in the sense of Zadeh 

(1983) and is dealt with using the classic Zadeh’s (1993) fuzzy logic based calculus of 

linguistically quantified propositions. Therefore, through the use of the concept of a fuzzy 

majority as a fuzzy linguistic quantifier, the very essence of a “soft” degree of consensus 

is equivalent to a degree of truth of a linguistically quantified proposition, e.g., “most of 

the important agents agree as to most of the relevant options” which is in fact assumed to 

be the definition of a soft degree of consensus.  

 

Then, when we attain a sufficient degree of consensus, then using the individual fuzzy 

preference relations at consensus, we can find some group decision solution, for instance 

Kacprzyk’s (1985a, 1985b, 1986, 1987) fuzzy core which are basically such options that 

are not defeated in pairwise comparisons by most (or some other fuzzy majority expressed 

as a fuzzy linguistic quantifier) other options in the testimonies of most agents. 

 

This process of arriving at a consensus and determining a group decision solution, for 

instance a fuzzy core as mentioned above, is run using a dedicated consensus reaching 

support system following the ideas of Kacprzyk, Fedrizzi and Zadrożny (1988), Kacprzyk 

and Zadrożny (2003a) or Zadrożny and Kacprzyk (2003), i.e. a moderator driven 

(run/assisted) one, with a special “superagent”, called a moderator. The moderator is 

responsible for running the consensus reaching session in question by analyzing individual 

fuzzy preferences, potential obstacles related to particular agents and options with respect 

to the degree of consensus, dynamics of changes of individual testimonies and degrees of 

consensus subsequently attained, etc. and then – to possibly improve the situation – for 
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persuading the agents to change their testimonies by some rational argument, persuasion, 

etc. and – finally – for keeping the process within a period of time allocated for the 

particular consensus reaching session. 

The main purpose of this dissertation is to apply new tools and techniques in various parts 

of the consensus reaching process and the activities of the moderator. First of all, the novel 

elements proposed concern the very essence of the formulation of the consensus reaching 

problem in the setting considered. Second, we will show the implementation of this new 

formulation via a computer based decision support system. Finally, we will verify the new 

approach proposed on some real world examples. 

What concerns the first issue – which is related to the paradigm, method and algorithms of 

the new solution of consensus reaching process proposed in this dissertation – we should 

start with the following remarks. First, if we look at the very essence of virtually all 

consensus reaching approaches proposed so far in the literature (cf. Herrera-Viedma, 

Cabrerizo, Kacprzyk and Pedrycz, 2014), then we can see that the general paradigm 

assumed has been what might be called efficiency oriented. Namely, tools and techniques 

have been developed the purpose of which has been to obtain an increase of a degree of 

consensus as fast as possible, and as much as possible. An obvious consequence in most 

situation has been that only changes of testimonies of those agents, and with respect to 

those pairs of options, have been proposed which have been the most efficient in that they 

have been able to imply the highest possible increase of the respective degree of consensus. 

In other words, through this emphasis on efficiency, opinions and their changes of other 

agents, less promising from the point of view of the sheer efficiency in the increase of the 

degree of consensus, could have been neglected.  

The systems (with their related solutions) to be developed in this dissertation are of  

a human centric type (cf. Dertouzos, 2001; Pedrycz and Gomide, 2007). Briefly speaking, 

human centric (centered) systems are those which explicitly take into account:  

 human tasks and their specifics for which the system is meant to provide an aide or 

support, 

 how the performance is to be understood, in terms of human benefits, 

 human skills, and cognitive abilities and limitations. 

 a possibility of adaptation to changing human needs. 

It is easy to see that a moderated (human assisted/supported) consensus reaching process, 

and then its related computer based decision support system, which is proposed in this 

work, should be in this respect the most effective and efficient approach.  
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Obviously, this process can be substantially enhanced and accelerated by employing in  

a synergistic way various modern concepts and techniques (cf. Kacprzyk and Zadrożny, 

2008, 2010b, 2010c) that are based on the use of some additional information and insight 

as to the structure of testimonies of agents, and their temporal evolution with respect to 

changes across the set of agents and options, and are also presented in a human friendly 

way. To be more specific, these are the linguistic data summaries which are short natural 

language statements subsuming the essence of a (large) set of data in the sense of Yager 

(1982), and extended by Kacprzyk and Yager (2001), and  Kacprzyk, Yager and Zadrożny 

(2000), notably in their protoform based form as proposed by Kacprzyk and Zadrożny 

(2005), and – in addition – taking into account specifics of this approach for the very 

essence of supporting consensus reaching by using the linguistic data summaris as 

proposed by Kacprzyk and Zadrożny (2003c, 2004, 2010c) or Kacprzyk, Zadrożny and Raś 

(2010); and this approach will be further developed in this work. 

All those indicators basically point out to those agents, options, and their related aspects 

which are critical for the effectiveness and efficiency in the sense of their high impact on  

a positive change of the degree of consensus. This is clearly an efficiency oriented strategy 

in which only a few of the most promising agents and options may be taken into account 

since this may imply the highest effect, i.e. the best increase in the degree of consensus and 

the speed of its reaching.  

Such an approach, commonly employed in almost all works on group decision making and 

consensus reaching, may be viewed to somehow contradict new directions in the analysis 

of various multiagent systems, notably those related to human groups, societies, etc., but 

maybe even more generally to various issues related to economic behavior and analyses, 

to which the problem considered in the dissertation belongs, and considered in an economic 

context. 

Namely, in addition to the above mentioned efficiency oriented policy, in this work we 

also design novel agent based computational models enriched with an analysis of human 

behavior, social interactions and other socio-economic phenomena in order to make the 

process more human-consistent. To be more specific, we propose a new paradigm for 

consensus reaching based on the concept of a fairness and equity orientation in which 

agents and their testimonies with respect to options are treated more fairly and in a more 

just way, i.e. they are taken into account to some extent even if this may not imply the best 

effect in terms of an increase of the degree of consensus. This additional dimension may 

improve both the social acceptance of the model proposed, and as a result, facilitate its 
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implementation leading to more human centric, hence easier acceptable consensus 

reaching system. 

In this dissertation we will employ in the context of a moderated consensus reaching some 

ideas, tools and techniques of fairness analyses or equity optimization. Strictly speaking, 

fair and equitable are different terms (cf. Wierzbicki, 2010) but for our purposes they are 

practically the same in spirit, and that is why we will use the terms fair or fairness only.  

Hence, we consider the consensus reaching problem in the following sense: we assume 

that the problem is basically a resource allocation problem in which the resources are 

changes of testimonies that should be made by the agents in subsequent consensus reaching 

steps. The costs are defined by some functions the essence of which is basically as follows: 

the higher the change made, the higher the cost to the particular agent. This has clearly  

a psychological justification because the human beings are naturally not willing to give up 

too much, i.e. to change to much of their personal opinions though, by given their consent 

to take part at a consensus reaching session, they must give their consent to allow for 

changes of their testimonies, which is a sine qua non condition.  

Therefore, the problem of consensus reaching is how to distribute the resources, i.e. how 

to distribute over the group of agents and options the “amount of” necessary changes of 

individual testimonies so that to attain both the efficiency, i.e. these changes will bring 

about the highest possible increase of the degree of consensus, and fairness, i.e. these 

changes will be as uniformly as possible distributed among the agents, so all agents, not 

just some of them, will have to change their testimonies.  

 

1.3 Main contributions and the thesis of the dissertation 

Having mentioned in the previous section the new philosophy of a consensus reaching 

process and its running adopted in this dissertation, we can now more specifically list main 

new elements proposed in this dissertation. 

Specifically, we add to the classic fuzzy preference relation and fuzzy majority based 

model of consensus reaching due to Kacprzyk and Fedrizzi (1986, 1988a, 1988b), the 

following new elements: 

 A reformulation of the consensus indicators in the form of linguistic data 

summaries, i.e. short sentences in natural language, due to Kacprzyk and Zadrożny 

(2003c, 2004, 2010c) or Kacprzyk, Zadrożny and Raś (2010) to account for the 
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specifics of the problem considered. These additional measures determine, all that 

in a human consistent way, in natural language,  those agents and pairs of options 

that are the main obstacles to reaching consensus, the preference matrix which may 

be a candidate for a consensual one, etc. 

 Inclusion of a non-traditional attitude, namely a fairness orientation in a consensus 

reaching process, in addition to the traditional efficiency orientation, to better 

reflect justified expectations of agents participating in the consensus reaching 

process to have their testimonies taken into account.  

 A distinction of different ways of the opinions’ changing process depending on the 

various standpoints (tactics) of the moderator’s persuasion for driving the group 

towards consensus in the further discussion, notably those of an optimistic and 

pessimistic type, and efficiency and fairness oriented.   

 A new concept of an extension of the consensus reaching model of the type 

considered to include a multicriteria analysis by the introduction of the new 

concepts of an ideal and anti-ideal agent and option, then dealt with using the 

TOPSIS method which determines the solution with the longest distance from the 

anti-ideal solution and the shortest distance to the ideal one. 

These new elements will then be implemented in a computer based decision systems, and 

tested on some real world examples. 

A detailed description of the problem setting and formulation, and the new elements 

proposed as mentioned above will be given then in the subsequent chapters. 

As the thesis of this work, one can state that:  

By extending the fuzzy preference and fuzzy majority based moderator run 

consensus reaching model, which is implemented in a decision support system, 

through the inclusion of additional information on promising agents and 

options expressed in natural language as linguistic data summaries, the 

reflection of a fairness type attitude, and the use of a TOPSIS based 

multicriteria analysis, a qualitatively and quantitatively new, more human 

centric, and more effective and efficient reaching of consensus in a group of 

(human) agents can be attained. 
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1.4 Structure of the dissertation 

The dissertation consists of 7 chapters. 

In Chapter 1 we briefly introduce the problem statement, our main motivation,  

a general research hypotheses, and the thesis of this work, followed by a short summary of 

the structure of the dissertation. 

Chapter 2 provides an overall framework and essential elements of consensus reaching 

model, and a general architecture and solution of the moderator run/assisted decision 

support system for consensus reaching. 

In Chapter 3 we introduce various concepts and techniques which are meant to facilitate 

the job of the moderator. They are based on the use of some additional information and 

insight as to which agents, aspects and other elements are critical for the consensus 

reaching process in the sense that they should be dealt with by the moderator, for instance, 

by trying to persuade to change the testimonies of some specified agents with respect to 

pairs of some specified options, etc. The main elements proposed are based on the use of: 

 linguistic data summaries (cf. Kacprzyk and Zadrożny, 2003c, 2004, 2010c), 

notably to be generated by using some NLG (natural language generation) tools 

and techniques (cf. Kacprzyk and Zadrożny, 2009) to indicate those options and/or 

agents for which possible changes in the testimonies can be relevant for an increase 

of the degree of consensus, 

 various opinions’ changing processes depending on two opposite standpoints of the 

moderator’s actions: optimistic and pessimistic (cf. Gołuńska, Kacprzyk and 

Herrera-Viedma, 2015), in order to determine some tactics to drive this part of the 

process in which the agents are expected to update their testimonies in line with an 

advice given by the moderator, as well as efficiency and fairness oriented (cf. 

Gołuńska and Kacprzyk, 2013), to determine to which (groups of) agents to direct 

requests for a change of testimonies,  

 the concepts of an ideal and an anti-ideal point (cf. Gołuńska, Kacprzyk and 

Zadrożny, 2014), in the context of the TOPSIS method, based on the aggregation 

of the “closeness to the ideal” and “farness from the anti-ideal” (cf. Opricovic and 

Tzeng, 2004), for both agents and options. 
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Furthermore, Chapter 3 contains an implementation of our novel efficiency oriented 

consensus reaching decision support systems, some real world, yet relatively simple and 

intuitively appealing, numerical experiments and an analysis of their results.  

 

We also try to quantitatively compare the results obtained by using the new consensus 

reaching systems, based on tools and techniques which employ additional knowledge and 

various attitudes, to find out the one which may be the most promising. 

Chapter 4 is the core part of this dissertation and is related to the formal and algorithmic 

derivation of the concept of fairness as meant in our novel consensus reaching system. 

Basically, we assume that the traditional efficiency orientation in consensus reaching, 

which boils down – from the point of view of the consensus reaching process and the 

moderator – to the working with promising agents and pairs of options only, is not 

sufficient and should be complemented with a fairness orientation which boils down to the 

inclusion of (possibly) all agents and pairs of options. We claim that a fair treatment of all 

agents can improve both the social acceptance and implementability of the solutions 

obtained by the group. We briefly analyze the problem of fairness, assessment of which 

attitude and behavior is fair and which is not, both based on more theoretical analysis, 

notably related to neuroeconomics (cf. Kacprzyk, 2008), or from observations of two 

groups of students from the Cracow University of Technology. We point out that our 

fairness based consensus reaching support system concerns the so called distributive 

fairness (cf. Wierzbicki, 2010), and might be formulated as a resource allocation problem 

(cf. Ogryczak, Śliwiński and Wierzbicki, 2003; Ogryczak, 2007, 2008). We also describe 

another perspective of the fair moderator’s attitude during the negotiation phase, related to 

the problem of social choice (cf. Wierzbicki, 2010). This is considered from the point of 

view of distances of the individual agents' testimonies with respect to the social testimony, 

and is an important complement to our main contribution in the development of an 

intelligent fairness related consensus support system, i.e. to a fair distribution of necessary 

changes of initial (and then current) testimonies over the group of agents and options so 

that all agents be equally forced to change their testimonies and with respect to possibly 

all options. 

Chapter 5 contains the main numerical experiment, i.e. a comparison between the 

efficiency oriented and fairness oriented strategy in consensus reaching, and an analysis of 

its results. 
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Finally, the work is finished with concluding remarks concerning both the work done and 

results obtained (Chapter 6) and remarks on some possible and promising directions for 

further research in this field (Chapter 7). 
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Chapter 2 

Preliminaries 

2.1  The group decision making problem 

Almost everything that a human being does involves making some decisions. In fact, 

decision making is as old as the human being conscious existence which boils down to the 

statement that it is an ubiquitous process which will never lose its relevance (cf. Falkiewicz 

and Kacprzyk, 2012, for more remarks on this topic). Hence, the study of decision making 

becomes necessary and important not only in decision theory but also in areas such as 

management science, political science, social and cognitive sciences, artificial intelligence, 

computational intelligence, to just name a few (cf. Pérez, Wikström, Mezei, Carlsson and 

Herrera-Viedma, 2013). Even though the decision making process might be related to  

a multitude of  spheres of life, its essence is always the same: the selection of a best (maybe 

just good) option (solution) from a feasible set of options. 

In many cases, the comparison of different options with respect to their desirability in 

decision problems cannot be effectively and efficiently performed by a single decision 

maker. This is also a prerequisite for this work, that is, we assume that a group of people 

provides a proper, effective and efficient organ in a decision making process. Of course, 

this statement, as well as those which follow, are valid usually, in a vast majority of cases, 

but there may be situations that an individual decision may be better. However, we do not 

consider such cases. 

Therefore in spite of several, well known deficiencies of group work (notably in the context 

of decision making), there are – as a rule – more crucial benefits (process gains). Namely, 

the groups are better than the individuals at understanding problems, at catching errors, 

etc. Moreover, a group can have more information and knowledge than any member, and 

can combine this information and knowledge to derive better solutions and stimulate the 

creativity of the participants of the process (cf. Gołuńska and Hołda, 2013), etc. 

Consequently, we will view in this work the decision process in the framework of group 

decision making (GDM). 

To properly address and then solve the decision making problems in the GDM settings, 

there are several models that can be applied. These models are described in the specialized 
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literature, and many of them have provided satisfying, even very good results. One of 

notable directions in the area of group decision making is related to the use of Zadeh’s 

(1965) fuzzy sets theory. Since the process of group decision making is clearly human 

centered (centric), then an inherent vagueness, subjectivity and imprecision in the 

presentation of human opinions and testimonies (e.g. preferences) should be adequately 

reflected. The same applies to other elements of the decision making process exemplified 

by an intended solution concept. The use of fuzzy sets has delivered many new and 

powerful solutions, tools and techniques, for instance for the representation of testimonies, 

aggregation of testimonies, solution concepts, derivation of solutions, architectures of 

decision support systems, etc. The best source of information on these topics can be found 

in the following edited volumes, to just name a few: Delgado, Kacprzyk and Verdegay, 

1994; Greco, Marques Pereira, Squillante, Yager and Kacprzyk, 2010; Kacprzyk and 

Orlovski, 1987; Kacprzyk and Roubens, 1988; Kacprzyk and Fedrizzi, 1988, 1990, 1992; 

Kacprzyk, Nurmi and Fedrizzi, 1996; Yager and Kacprzyk, 1997; Yu and Kacprzyk, 2003; 

Lodwick and Kacprzyk, 2010; Herrera-Viedma, Garcia-Lapresta, Kacprzyk, Fedrizzi, 

Nurmi and Zadrożny, 2011. 

 

In the classic group decision making (GDM) situation, there is a set of possible options 

(alternatives, variants, decisions,…), 𝑆 = {𝑠1, 𝑠2, … , 𝑠𝑁}, (𝑁 ≥ 2), and a group of two or 

more agents, 𝐸 = {𝑒1, 𝑒2, … , 𝑒𝑀}, (𝑀 ≥ 2), characterized by their testimonies (opinions, 

preferences,…) with respect to the set of options from the point of view of what they want 

to jointly attain (cf. Kacprzyk, 1985a, 1985b, 1986; Kacprzyk and Nurmi, 1998; Kacprzyk, 

Zadrożny, Fedrizzi and Nurmi, 2008).  

In the GDM problems we could apply a ranking process to classify the options from the 

best to the worst according to testimonies expressed by the agents (cf. Roubens, 1997), 

without taking into account the level of agreement between the agents. However, this 

process may lead the solutions that are not well accepted by some agents in the group (cf. 

Butler and Rothstein, 2006) because they can consider that the solution reached will not 

reflect their testimonies, and hence, they may reject it.  

Verma (2009) points out that those humans who will implement the final decision or who 

will be directly affected by it, must accept it both emotionally and intellectually. The 

acceptance is definitely a main point because it may be in conflict with the quality of 

decision. A good decision, which is a logical one based on the feasible information and 

which reflects the testimonies of (all) the agents, can be worthless if it is not acceptable. 

Sometimes it may be better to choose a lower quality solution that has a greater support 

from the agents.  
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One of the most important directions in the broadly perceived area of decision making is 

the assumption that a human being as a key element. This is quite obvious as decision are 

made by the humans for the humans. Therefore, we should obtain solutions that would be 

human consistent and hence presumably easier acceptable and implementable. Kacprzyk, 

Fedrizzi and Nurmi (1992) clarify this aspect in the context of GDM and indicate that to 

effectively and efficiently deal with his problem, it is advisable that agents be as close to 

a consensus as possible. That is, they should usually have to carry out a consensus reaching 

process in which they discuss and negotiate in order to obtain a sufficient agreement as to 

their testimonies before applying the proper ranking (or choice) process. Therefore, the 

GDM problems are usually preceded by applying a consensus reaching process and then  

a ranking (choice) selection process before a final solution can be given. 

 

2.2  Consensus reaching process 

Consensus can be meant in various ways in the group decision making context, i.e. in the 

situation where there is a set of agents who reveal their testimonies which basically concern 

their opinions on some options, aspects, etc. in question (cf. Kacprzyk and Fedrizzi, 1986, 

1988, 1989; Kacprzyk, Nurmi and Fedrizzi, 1996; Herrera-Viedma, Cabrerizo, Kacprzyk 

and Pedrycz, 2014). Essentially, consensus is related to the state of agreement (consent) in 

a group in the sense that the agents exhibit some state of common opinion (feeling) as to 

the values in question that characterize their testimonies. Second, which is related to the 

first aspect given above, consensus is meant as a way (process) to reach a consensus in the 

above sense. This concerns the evolution of testimonies over time of the group members 

that heads towards consensus (cf. Eklund and Rusinowska, 2007).  

There are two main approaches in the formulation of the consensus reaching process. In 

the traditional one, initiated by Coch and French (1948), French (1956), and Harary (1959), 

the process is modeled by using the matrix calculus or Markov chains to describe the time 

evolution of changes of testimonies towards consensus. In the second approach, this 

process of changes over time is facilitated (moderated) by a special agent, called  

a moderator. We will apply the latter approach, as it has been considered in the literature 

to be more promising and widely used in practice (cf. Butler and Rothstein, 2006). 

Basically, a consensus reaching process aims at obtaining an agreement of the participating 

agents with respect to their testimonies expressed in some form by accommodating views 

of all the members involved to reach a decision that will be beneficial to the whole group, 
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not necessarily to all the particular participants who may give consent to what will not be 

their first choice but because, for instance, they wish to cooperate with the group (cf. 

Eklund and Rusinowska, 2007). Therefore, the consensus reaching process is in contrast 

to most group decision mamking settings, exemplified by voting, gaming, etc., which boil 

down to a competition between the agents (cf. Herrera-Viedma, Cabrerizo, Kacprzyk and 

Pedrycz, 2014). Due to an acute importance of obtaining an acceptable solution by groups 

of agents, which is an important problem in a multitude of setting, the reaching of 

consensus, and  analyses of this process, has recently attracted a great attention and 

interest, and are a major concern to effectively and efficiently run the GDM problems. 

We employ here a general framework for supporting consensus reaching in a group of 

agents due to Fedrizzi, Kacprzyk and Zadrożny (1988), and Kacprzyk and Zadrożny (2003, 

2008) which is moderator run with a special “super-agent”, a moderator (facilitator), who 

is responsible for running the consensus reaching session, or, in other words, whose task 

is to help the agents involved in the process of changing their testimonies toward 

consensus.  

The essence of such consensus reaching process, which is clearly a multistage process, is 

shown in Figure 1 (page 16). 

Therefore, the consensus reaching process is here meant as a multistage negotiation 

process in the sense that in the process of possible changes of their testimonies, the agents 

are involved in negotiations with other agents to find those changes which will, on the one 

hand, make it possible to increase the level of agreement within the group, and – on the 

other hand – make the individual agent be satisfied by not forcing him or her to change 

their testimonies too much. Evidently, this process proceeds in several rounds (stages) in 

which the agents (possibly) give their consent to changes of  their testimonies following 

an advice or suggestion given by the moderator.  

As shown in Figure 1, this process is composed mainly of the module of representation of 

testimonies and that of (degree of ) consensus measurement but the discussion and 

feedback information are also treated as relevant parts of the system. We will now briefly 

describe the subsequent components presented in Figure 1. The first stage of the consensus 

reaching process concerns the definition of the decision making problem, i.e. the 

presentation of the problem to be solved, the representation of structure of testimonies 

(options) of the agents, the main concepts (what is really looked for) of the consensus 

reaching process, etc.  
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Figure. 1. The essence of a moderator run consensus reaching process with the use of an 

additional feedback information 

 

The discussion is meant as a way to clarify the views of the agents as to the options 

considered, exchange of knowledge about the problem and options in order to facilitate 

and seep up the process, and also to advocate different opinions of the agents. After 

a discussion the agents provide their testimonies with respect to the options in a particular 

preference representation form exemplified by preference relations, to be used here, but 

also preference orderings, utility functions, etc. Now, the main role is played by the 

moderator who receives the testimonies (preferences) of all the agents, calculates some 

consensus measures and identifies whether the sufficient or satisfactory (degree of) 

consensus is reached or not.  

If a sufficient or satisfactory consensus has been obtained, then the consensus reaching 

session ends, otherwise another round of discussion is run and some suggestions (clues) 

are presented by the moderator in order to help guide the process more efficiently. By the 

feedback information we understand the fact that the moderator, with all the information 

about the relations within the group that he or she has, prepares some advice, clues, 
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suggestions, etc. for the agents involved to increase the degree of consensus, and hence to 

more easily reach the consensus. 

To clarify the process, in the beginning of the consensus reaching session, the agents 

openly present their testimonies with respect to the options considered. These testimonies, 

assumed to be the individual fuzzy (graded) preference relations, may initially differ to 

a large extent, i.e. the group may be far from the consensus. A moderator support 

a discussion, i.e. stimulates an exchange of information and maybe even creative thinking, 

suggests arguments (pros and cons), convinces appropriate agents to change their initial 

testimonies, focus the discussion on issues which may resolve conflicts of opinions within 

the group, etc. This is repeated until the group arrives at a state of a sufficient agreement 

(consensus), i.e. until the individual fuzzy preference relations become similar enough, or 

until we reach some time limit (cf. Kacprzyk and Zadrożny, 2003, 2010c).  

Clearly, as a prerequisite, we have to assume the willingness of the participating agents to 

change their testimonies which may involve some psychological apprehension. Some 

agents, even if they are strongly convinced to their initial testimonies, can accept agreeable 

preferences of the group, provided their points of view have been heard and discussed. 

Therefore, their consent to participate at the consensus reaching might be perceived as their 

willingness to change their testimonies, to be more specific their preferences. What mater 

here is that the moderator presents rational arguments and tries to convince all (maybe 

some of) the participating agents to change their testimonies rather than forces or puts 

a strong pressure on the agents to accept what he or she promotes. Such a general attitude 

affects a general sense of satisfaction among the group members which, according to many 

results obtained in psychology, has a direct influence on the quality of the final decision. 

 

2.3  Preference representation 

Our notation is standard. A fuzzy set 𝐴 in 𝑋 = {𝑥}, will be characterized and equated with 

its membership function 𝜇𝐴: 𝑋 → [0,1] such that 𝜇𝐴(𝑥) ∈ [0,1] is the grade of membership 

of 𝑥 ∈ 𝑋 in 𝐴, from μA(x) = 1 standing for the full membership to  μA(x) = 0 standing for 

the full nonmembership, through all intermediate values. For a finite 𝑋 = {𝑥1, … , 𝑥𝑛} we 

write 𝐴 =
𝜇𝐴(𝑥1)

𝑥1
+,… ,+

𝜇𝐴(𝑥𝑛)

𝑥𝑛
. Moreover, we use the notation: 𝑎 ∧ 𝑏 = min(𝑎, 𝑏) and 𝑎 ∨

𝑏 = max(𝑎, 𝑏). Other, more specific notation will be introduced when needed. 
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In the group decision making (GDM) problem, there exists various representations of 

testimonies. In addition to plain (fuzzy) preferences, one can also use preference orderings 

(cf. Tanino, 1984) or utility functions (cf. Herrera-Viedma, Herrera and Chiclana, 2002).  

First, we will briefly discuss the two latter forms mentioned, that is: 

 Preference orderings. The testimony of an agent 𝑒𝑚 ∈ 𝐸 =  {𝑒1, … , 𝑒𝑀} as to a set 

of options 𝑆 = {𝑠1, … , 𝑠𝑁} are represented as a preference ordering 𝑂𝑚 =

{𝑜𝑚(1),… , 𝑜𝑚(𝑁)} where for agent em, 𝑜𝑚(∙) is a permutation function over the 

set of indexes, with its values ordered from the best to the worst. Therefore, each 

agent provides an ordered vector of options from the best to the worst. 

 Utility function values. Each agent 𝑒𝑚 ∈ 𝐸 =  {𝑒1, … , 𝑒𝑀} reveals his/her testimony 

with respect to a set of options 𝑆 = {𝑠1, … , 𝑠𝑁} , in the sense of a set of 𝑁 utility 

values 𝑈𝑚 = {𝑢1
𝑚, … , 𝑢𝑁

𝑚}, 𝑢𝑖
𝑚 ∈ [0,1], 𝑖 = 1,… ,𝑁. The higher the value for an 

option, the better it satisfies the agent’s goal. 

However, here we apply the format which is mostly used in the GDM problems, namely 

the preference relations. In this case, each agent’s em testimonies with respect to a set of 

options 𝑆 are represented by a preference matrix 𝑃𝑚 defined in 𝑆 × 𝑆, given by its 

membership function 𝜇𝑃𝑚: 𝑆 × 𝑆 → 𝐷 , where 𝜇𝑃𝑚(𝑠𝑖, 𝑠𝑗) = 𝑝𝑖𝑗
𝑚 is meant as the preference 

degree of option 𝑠𝑖 over option 𝑠𝑗. D is here the so called information domain which can 

be the set {0,1} for the classic binary preferences (eventually with special symbols 

expressing the indifference), to [0,1] for the case of traditional fuzzy preference relations, 

to sets of linguistic values, value intervals, etc.  

We will use in our work fuzzy (graded) preference relations which are a convenient setting 

for the case of group decision making problems under fuzziness (cf. Kacprzyk, 1986). 

Fuzzy preference relations are applied to reflect a common situation that the traditional, 

strict binary (0 or 1) preferences may not provide means for the representation of an 

imprecision in the testimonies which is common for the human beings (cf. Kacprzyk and 

Roubens, 1988; Kacprzyk and Fedrizzi, 1990; Kacprzyk, Nurmi and Fedrizzi, 1996). 

Hence, we will operate in the following basic setting. We have a set of agents (individuals, 

decision makers, experts,…), denoted as 𝐸 = {𝑒𝑚} = {𝑒1, 𝑒2, … , 𝑒𝑀},𝑀 ≥ 2, and a set of 

feasible options (alternatives, decisions, variants, issues, …) defined as 𝑆 = {𝑠𝑛} =

{𝑠1, 𝑠2, … , 𝑠𝑁},𝑁 ≥ 2. Each agent 𝑒𝑚 ∈ 𝐸 provides his/her testimony as to the particular 

pairs of options from the set 𝑆, in the form of an individual fuzzy preference relation 𝑅𝑚 

defined on 𝑆 × 𝑆. The individual fuzzy preference relation of agent 𝑒𝑚, 𝑅𝑚, is given by its 
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membership function 𝜇𝑅𝑚: 𝑆 × 𝑆 → [0,1] such that 𝜇𝑅𝑚(𝑠𝑖, 𝑠𝑗) ∈ [0,1] expresses the 

preference degree of option 𝑠𝑖 over option 𝑠𝑗. It is assumed that: 

 

𝜇𝑅𝑚 =

{
 
 

 
 
1if𝑠𝑖isdefinitelypreferredto𝑠𝑗
𝑐 ∈ (0.5,1)if𝑠𝑖isslightlypreferredto𝑠𝑗 

0.5𝑖𝑛𝑡ℎ𝑒𝑐𝑎𝑠𝑒𝑜𝑓𝑖𝑛𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝑑 ∈ (0,0.5)if𝑠𝑗isslightlypreferredto𝑠𝑖
0if𝑠𝑗 isdefinitelypreferredto𝑠𝑖

  (1) 

 

We also assume that card 𝑆 is small enough so that the individual fuzzy preference relation 

of agent 𝑒𝑚, 𝑅𝑚, may be represented as a preference matrix 𝑅𝑚 = [𝑟𝑖𝑗
𝑚], such that 𝑟𝑖𝑗

𝑚 =

𝜇𝑅𝑚(𝑠𝑖, 𝑠𝑗); 𝑖, 𝑗 = 1,… ,𝑁;𝑚 = 1,… ,𝑀. We also assume the 𝑅𝑚 is a reciprocal matrix, 

i.e., 𝑟𝑖𝑗
𝑚 + 𝑟𝑗𝑖

𝑚 = 1,for all 𝑖, 𝑗, 𝑚. It is also normally assumed that 𝑟𝑖𝑖
𝑚 = 0, for all 𝑖, 𝑚. 

Notice, that we apply here the concept of a “traditional” form of a fuzzy preference 

relations although some extensions exemplified by linguistic preference relations have also 

been used in the past (cf. Herrera and Verdegay, 1995; Herrera, Herrera-Viedma and 

Verdegay, 1996) and successfully applied in recent works (cf. Tapia Garcia, Del Moral, 

Martinez and Herrera-Viedma, 2012). In the case of linguistic preference relations, the 

membership functions take on values in an ordered set of linguistic values so that the 

degree of preference of option 𝑠𝑖 over 𝑠𝑗 may be represented as, e.g., much better, worse, 

etc. This linguistic representation of individual testimonies may be viewed as a step toward 

a more realistic, human-centric preference modeling, and is in line with some modern 

directions in data analysis and systems modeling that are strongly based on the use of 

natural language (cf. Kacprzyk and Zadrożny, 2010a, 2013a), we will not use it in the work 

and leave this for a further research. 

2.4 Fuzzy majority and fuzzy linguistic quantifiers 

The majority is traditionally defined as some threshold number (usually percentage) of the 

group of agents, and values as 80%, 2/3, etc. of all agents can be employed. Basically, it is 

crisp (precise) and does not involve any imprecise (fuzzy) specification that is so 

characteristic for virtually all real GDM problems. In this case, we can well imagine here 
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a fuzzy majority which can naturally be equated with a fuzzy linguistic quantifier 

exemplified by “most”, “almost all”, “at least a half”, “much more than a half” etc.  

The concept of a fuzzy majority was introduced into the group decision making (GDM) by 

Kacprzyk (1985a, 1985b, 1986), and has been since then employed in virtually all works 

on group decision making and consensus reaching under imprecision (fuzziness). Some 

justification to the use of an imprecise (fuzzy) majority, from the point of view of 

psychology and cognitive sciences, has been given in the late 1990s when, for instance, 

Kameda and Hastie (1999) considered majority based decision making processes and 

found that they tend to produce high levels of decision performance with a very small cost 

in terms of cognitive effort, and stated that majority norms (towards less precise ones) 

evolved in many cultures because of their adaptive properties which might be crucial in 

many real world scenarios. 

In general, quantifiers can be used to represent the amount of items satisfying a given 

predicate. In the conventional mathematics, only two quantifiers are employed, i.e. the 

existential quantifier (for at least one), and the universal quantifier (for all). Natural 

language has a much greater variety of quantifiers, e.g., “about 2”, “more than 5”, “most”, 

“at least a half”, “all”, “as many as possible”, “a few”, etc. 

Zadeh (1983) defined the concept of fuzzy linguistic quantifier  to deal with the diversity 

of quantifiers existing in the human reasoning.  

In Zadeh’s approach, which is by far the most widely used, a fuzzy linguistic quantifier 𝑄1 

is assumed to be represented by a fuzzy set in [0,1]. For instance, 𝑄1 = "𝑚𝑜𝑠𝑡" may be 

defined as: 

 

𝜇𝑚𝑜𝑠𝑡(𝑥) = {

1𝑓𝑜𝑟𝑥 > 0.8
2𝑥 − 0.6𝑓𝑜𝑟0.3 ≤ 𝑥 ≤ 0.8
0𝑓𝑜𝑟𝑥 < 0.3

  (2) 

 

which means that a subset of the set of elements (agents here) 𝐸 comprising of at least 80% 

agents definitely forms a majority corresponding to the concept of “most”, a subset 

comprising of less than 30% of agents definitely does not form such a majority, while 

subsets of all intermediate cardinalities form such a majority to some extent, expressed by 

𝜇(𝑥). 
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This natural representation of a fuzzy majority, through a fuzzy linguistic quantifier, can 

be formally handled – first of all –  by a fuzzy-logic-based calculus of linguistically 

quantified propositions due to Zadeh (1983). Moreover, we can also use Yager’s OWA 

(Ordered Weighted Average) operators (cf. Yager, 1983, 1988, 1996; Yager and Kacprzyk, 

1997; Yager, Kacprzyk and Beliakov, 2011)) or other aggregation operators (cf. Kacprzyk, 

Fedrizzi and Nurmi, 1997; Zadrożny and Kacprzyk, 2009) but this will not be employed 

here.  

A linguistically quantified proposition (statement) might by exemplified by “most agents 

are convinced”, and might be generally written as: 

𝑄𝑦′𝑠𝑎𝑟𝑒𝐹 

where 𝑄 is a linguistic quantifier (e.g., most), 𝑌 is a set of objects (e.g. agents), and 𝐹 is 

a property (e.g. convinced). The importance 𝐵 can be added here yielding 𝑄𝐵𝑦′𝑠𝑎𝑟𝑒𝐹, 

exemplified by “most of the important agents are convinced”, but this will not be 

considered here. Property 𝐹 is denoted as a fuzzy set in the set of objects 𝑌, and if 𝑌 =

{𝑦1, … , 𝑦𝑝}, then we assume that truth(𝑦𝑖𝑖𝑠𝐹) = 𝜇𝐹(𝑦𝑖), 𝑖 = 1, … , 𝑝. 

The purpose is to find the truth value of the linguistically quantified proposition, that is, 

truth(𝑄𝑦′𝑠𝑎𝑟𝑒𝐹), which might be calculated using the non-fuzzy cardinalities of fuzzy 

sets in two steps: 

 

𝑟 =
1

𝑝
∑ 𝜇𝐹(𝑦𝑖)
𝑝
𝑖=1     (3) 

 

𝑡𝑟𝑢𝑡ℎ(𝑄𝑦′𝑠𝑎𝑟𝑒𝐹) = 𝜇𝑚𝑜𝑠𝑡(𝑟)   (4) 

 

 

2.5 Degree of consensus under fuzzy majority 

Traditionally, consensus should refer to some unanimity of the agent’s testimonies because 

such an unanimous solution obtained would certainly be representative for the entire group 

to the best possible extent. Obviously, it is utopian in practice. Full and unanimous 

agreement may be difficult to attain, in particular in diversified groups of agents as in the 
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case in virtually all real world situations. It became obvious, that we could not get the same 

final testimony for all, but some set of individual testimonies which are similar enough. 

The concept of a fuzzy majority, which is a considerable departure from the traditional 

non-fuzzy majority (e.g., a half, at least 2/3, …) is very relevant for our purposes, both for 

the new definitions of a degree of consensus and linguistic summaries to be employed to 

help monitor the consensus reaching process. The fuzzy majority is commonly used by the 

humans, both in everyday discourse and more formal statements. A good example in 

a biological context may be found in Loewer and Laddaga (1985), one of the most relevant 

papers in the famous Special Issue on Consensus in Synthese (cf. Loewer, 1985) which 

has basically initiated a deeper research on less strict, more realistic and human consistent 

approaches to the definition and formal treatment of consensus.  

Namely, Lower and Laddaga (1985) give as an example what is commonly known in 

biology:  

“...It can correctly be said that there is a consensus among biologists that 

Darwinian natural selection is an important cause of evolution though there is 

currently no consensus concerning Gould's hypothesis of speciation. This means 

that there is a widespread agreement among biologists concerning the first matter 

but (a widespread) disagreement concerning the second …” 

A rigid majority as, e.g., more than 75% would not evidently reflect the very essence of 

the above statement. It should however be noted that there are naturally situations when 

a strict majority is necessary, for obvious reasons, as in, e.g., political elections. Anyway, 

the ability to accommodate a fuzzy majority in consensus formation models, thus to speak 

about a consensus to a degree, should help make them more human consistent hence easier 

implementable. By applying the fuzzy majority we can determine the consensus degree in 

a more flexible way and reflect the huge spectrum of possible partial agreements existing 

in a group of agents, and in such a way to run easily the consensus reaching process until 

a wide agreement (not always total!) is attained among the agents. 

The fuzzy majority has then been the key point for the new definitions of soft consensus 

proposed by Kacprzyk and Fedrizzi (1986, 1988b, 1989). They expressed the operational 

definition of consensus by a linguistically quantified proposition, which originally says:  

“Most (𝑄1) of the important (𝐵) agents agree as to almost all (𝑄2) relevant (𝐼) 

options” 
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where: 𝑄1 and 𝑄2 are Zadeh’s fuzzy linguistic quantifiers, e.g., “most” or “almost all”, 

and 𝐵and 𝐼 stand for fuzzy sets denoting the importance and relevance, respectively, of 

the agents and options. 

These Kacprzyk and Fedrizzi’s works have established the foundation for virtually all 

soft consensus models introduced later, notably by the Spanish researchers (cf. Herrera 

and Chiclana, 2002; Herrera, Herrera-Viedma and Verdegay, 1995, 1996, 1997; Herrera 

and Verdegay, 1995; Herrera-Viedma, Alonso, Chiclana and Herrera, 2007; Herrera-

Viedma, Cabrerizo, Kacprzyk and Pedrycz, 2014; Herrera-Viedma, Herrera-Viedma, 

Martinez, Mata and Chiclana, 2005). 

Various approaches to consensus differ basically with respect to the use of the following 

aspects: computation based on the set of agents or the set of options, the concept of 

similarity or coincidence (strict similarity/coincidence among agent’s testimonies and the 

same for the similarity/coincidence among options), the generation method of 

recommendations (consensus reaching process guided by the moderator or run 

automatically, without the moderator’s participation), and the guiding measures used (soft 

consensus measures or consistency measures).  

Among most significant further developments related to both the group decision making 

and consensus reaching, we can mention Kacprzyk and Zadrożny’s (2001b, 2002, 2003b) 

works on general choice functions in group decision making, and a recent proposal given 

by Kacprzyk and Zadrożny (2010b) in which the use of ontologies to the consensus 

reaching process is considered. 

Our point of departure is a new definition of the consensus based on the concept of the 

fuzzy majority, proposed by Kacprzyk and Fedrizzi (1986, 1988, 1989). We employ here 

the degree of consensus that can be equal 1 which stands for full consensus, when “most 

of the agents agree with their testimonies with respect to most of options”, 0 which stand 

for full dissensus (the opposite of consensus), through all intermediate values. 

The soft degree of consensus in the above sense is derived in three steps: 

1) for each pair of agents we calculate a degree of agreement as to their testimonies with 

respect to all the pairs of options,  

2) we aggregate these degrees to derive a degree of agreement of each pair of agents as to 

their testimonies with respect to 𝑄1 (a linguistic quantifier, e.g., “most”) pairs of 

options,  
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3) we combine these degrees to obtain a degree of agreement of 𝑄2 (a linguistic quantifier 

similar to𝑄1) pairs of agents as to their testimonies with respect to 𝑄1 pairs of 

options and this is meant to be the degree of consensus. 

We start with the degree of a strict agreement between agents 𝑒𝑚1
 and 𝑒𝑚2

 as to their 

testimonies with respect to options 𝑠𝑖 and 𝑠𝑗, which may be defined as: 

 

𝑣𝑖𝑗(𝑒𝑚1
, 𝑒𝑚2

) = {
1𝑖𝑓 𝑟𝑖𝑗

𝑚1 = 𝑟𝑖𝑗
𝑚2

0𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
  (5) 

 

where, 𝑚1 = 1,… ,𝑀 − 1,𝑚2 = 𝑚1 + 1,… ,𝑀, 𝑖 = 1,… ,𝑁 − 1, 𝑗 = 𝑖 + 1,… ,𝑁 

Then, the degree of agreement between agents 𝑒𝑚1
 and 𝑒𝑚2

 as to their testimonies with 

respect to all the pairs of options is: 

 

𝑣(𝑒𝑚1
, 𝑒𝑚2

, 𝑆) =
2

𝑁(𝑁−1)
∑ ∑ 𝑣𝑖𝑗(𝑒𝑚1

, 𝑒𝑚2
)𝑁

𝑗=𝑖+1
𝑁−1
𝑖=1  (6) 

 

Next, the degree of agreement between agents 𝑒𝑚1
 and 𝑒𝑚2

 as to their testimonies with 

respect to 𝑄1 pairs of options is: 

 

𝑣𝑄1(𝑒𝑚1
, 𝑒𝑚2

, 𝑆) = 𝜇𝑄1(𝑣(𝑒𝑚1
, 𝑒𝑚2

, 𝑆))  (7) 

The degree of agreement of all pairs of agents as to their testimonies with respect to 𝑄1 

pairs of options is: 

 

𝑣𝑄1(𝐸, 𝑆) =
2

𝑀(𝑀−1)
∑ ∑ 𝑣𝑄1(𝑒𝑚1

, 𝑒𝑚2
, 𝑆)𝑀

𝑚2=𝑚1+1
𝑀−1
𝑚1=1

 (8) 
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Finally, according to the third step, the degree of agreement of 𝑄2 pairs of agents as to their 

testimonies with respect to 𝑄1 pairs of options, called the degree of consensus, is:  

   

𝑐𝑜𝑛𝑄1,𝑄2(𝐸, 𝑆) = 𝜇𝑄2(𝑣𝑄1(𝐸, 𝑆))   (9) 

 

If we reduce the strict agreement involved above to a sufficient agreement (at least to 

a degree 𝛼 ∈ [0,1]) of agents 𝑒𝑚1
 and 𝑒𝑚2

 as to their testimonies with respect to options 

𝑠𝑖 and 𝑠𝑗, defined by: 

 

𝑣𝑖𝑗
𝛼(𝑒𝑚1

, 𝑒𝑚2
) = {

1𝑖𝑓 |𝑟𝑖𝑗
𝑚1 − 𝑟𝑖𝑗

𝑚2| ≤ 1 − 𝛼

0𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
  (10) 

 

Then – by following the steps (6) – (9) – we obtain the degree of sufficient agreement of 

𝑄2 pairs of agents as to their testimonies with respect to 𝑄1 pairs of options, i.e. a degree 

of sufficient consensus, denoted by: 

 

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 𝜇𝑄2(𝑣𝑄1

𝛼 (𝐸, 𝑆))   (11) 

 

We can also introduce explicitly the strength of agreement, that is, replace the condition 

|𝑟𝑖𝑗
𝑚1 − 𝑟𝑖𝑗

𝑚2| ≤ 1 − 𝛼in (10) by a function 𝑠(𝑟𝑖𝑗
𝑚1 − 𝑟𝑖𝑗

𝑚2 ) with values in [0,1] that 

expresses the degree of similarity of two values of testimonies of two agents with respect 

to two options, with 1 for the full similarity (equality) to 0 for the full dissimilarity, then 

we can define – by following the steps (6) – (9) – another concept of a degree of consensus, 

the so called degree of strong consensus (cf. Kacprzyk and Fedrizzi, 1986, 1988a, 1988b, 

1989).  

In this work we will use the simple definition of the soft degree of consensus, given by (9) 

with some extensions to the sufficient degree of consensus given by (11), depending on 

the problem considered.  
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2.6  The concept of fuzzy cores – a GDM solution 

To show the essence and functioning of our models and system, we assume that we first 

attain a consensus and then find a group decision solution, i.e. an option(s) best acceptable 

by the group. Essentially, two lines of reasoning, and its corresponding calculation can be 

followed in the derivation of solution concepts of group decision making (cf. Kacprzyk, 

1985a, 1985b; Nurmi and Kacprzyk, 1991; Kacprzyk, Zadrożny, Fedrizzi and Nurmi, 

2008): 

 

1) A direct approach: {𝑅1, … , 𝑅𝑚} → 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, that is, a solution is obtained directly just 

from the set of individual fuzzy preference relations. 

2) An indirect approach: {𝑅1, … , 𝑅𝑚} → 𝑅 → 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛,  that is, from the set of individual 

fuzzy preference relations we calculate first a group (social) fuzzy preference 

relation, 𝑅, which is then employed to find a final solution. 

 

We use here the direct approach, i.e. by using the individual fuzzy preference relations and 

the concept of fuzzy cores introduced by Kacprzyk (1986). 

Conventionally, the core 𝐶 is defined as a set of undominated options (cf. Nurmi, 1981), 

i.e. those not defeated in pairwise comparisons by a required majority 𝜃 ≤ 𝑀, that is: 

 

𝐶 = {𝑠𝑗 ∈ 𝑆:¬∃𝑠𝑖 ∈ 𝑆𝑟𝑖𝑗
𝑚 > 0.5foratleastθagents}  (12) 

 

As already mentioned, it may be more adequate to assume that the required majority is 

imprecisely specified as, e.g., given by a fuzzy linguistic quantifier, for instance “most” 

shown in Section 2.4. To employ a fuzzy majority to extend (fuzzify) the core (12), we 

start by determining (cf. Kacprzyk, 1985): 

 

ℎ𝑖𝑗
𝑚 = {

1𝑖𝑓𝑟𝑖𝑗
𝑚 < 0.5

0𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
   (13) 
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where 𝑖, 𝑗 = 1,… ,𝑁 and 𝑚 = 1,… ,𝑀. 

Hence, ℎ𝑖𝑗
𝑚just states if option 𝑠𝑗 dominates (in pairwise comparison) option 𝑠𝑖 (ℎ𝑖𝑗

𝑚 = 1) 

or not (ℎ𝑖𝑗
𝑚 = 0). 

In the next step, we calculate: 

 

ℎ𝑗
𝑚 =

1

𝑁−1
∑ ℎ𝑖𝑗

𝑚𝑁
𝑖=1,𝑖≠𝑗    (14) 

 

which is the degree, from 0 to 1, to which agent 𝑒𝑚 is not against option 𝑠𝑗, where 0 stands 

for definitely against and 1 stands for definitely not against, through all intermediate 

values.  

 

Then, we calculate: 

 

ℎ𝑗 =
1

𝑀
∑ ℎ𝑗

𝑚𝑀
𝑚=1     (15) 

 

which defines to which degree, from 0 to 1, as in the case of (14), all the agents are not 

against option 𝑠𝑗. 

Finally, we calculate: 

 

𝑣𝑄
𝑗
= 𝜇𝑄(ℎ𝑗)     (16) 

 

which describes the extent, from 0 to 1 as before, to which 𝑄 (e.g., most) agents are not 

against option 𝑠𝑗. 
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The 𝑓𝑢𝑧𝑧𝑦𝑄 − 𝑐𝑜𝑟𝑒 (cf. Kacprzyk, 1985) is now defined as a fuzzy set in 𝑆 with the 

membership function: 

 

𝜇𝐶𝑄(𝑠𝑗) = 𝑣𝑄
𝑗
               (17) 

 

i.e., as a fuzzy set of options that are not defeated by 𝑄 (e.g., ”most”) agents. 

 

2.7  Decision support systems 

Since the development of modern computer technology, the computerized support for 

decision making has rapidly developed. The present day tools, techniques and computer 

implementations are flexible, efficient, easy to use and make it possible to create an 

interactive user-friendly interface to view data and results, perform various analytics, 

change and tune models, etc. This class of computer based information systems including 

knowledge based systems that support decision making activities is usually called the 

decision support systems (DSS). They combine the intellectual resources and power of 

human individuals with the number crunching capabilities of the computer to improve the 

quality of the final decision. In other words, the DSSs is a methodology and technology 

which is flexible, adaptive, interactive, GUI-based, iterative, and it employs modeling and 

analytics. 

The concept of a modern DSS has been developed since the 1960s and early 1970s (cf. 

Simon, 1960; Anthony, 1965; Gory, 1971), triggered by developments in management 

science, systems modeling, operations research, computers, notably the time shared 

computing, human-computer interfaces, etc. One should also give credit to various 

developments in psychology, cognitive sciences, human factors, etc. 

A Decision Support System (DSS) traditionally consists of the following subsystems: data 

management, model management, user interface, and knowledge management and 

organizational knowledge base (cf. Turban and Aronson, 2005). With this structure, users 

are capable of managing and analyzing data for decision making purposes (cf. Angehrn 

and Jelassi, 1994). Database constitutes of interrelated data extracted from various 

sources, stored for use by the organization, and to be queried. These can be: 
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 Internal data, usually from TPS. 

 External data from government agencies, trade associations, market research firms, 

forecasting firms, etc. 

 Private, personal data. 

Knowledge is highly important, and it can be: 

 Explicit – revealed in words or numbers, and shared as data, reports equations, etc. 

Briefly speaking, it can be formally recorded. 

 Tacit – personal, therefore very hard to formalize, and challenging to communicate 

or share with others. This, usually subjective and imprecise information, may 

concern perceptions, values, beliefs of an agent while analyzing the problem and 

then making decisions. 

 

The model base is a critical component because it contains the procedures based on 

numerous mathematically oriented methods (strategic, tactical, operational, analytic).  

 

The users access the DSS through an individually tailored or adjusted interface, which in 

recent years has mostly become based on a visual form similar to Web browsers which are 

known to virtually all human users. The interaction of the user with the DSS is also 

supported by various tools including, e.g., speech recognition and generation devices, 

display panels, gesture recognition or mobile devices which gives the user the possibility 

to constantly have access to the system (cf. Cowie and Burnstein, 2007). 

Since the 1980‘s, the DSS have been often successfully used for group decision making. 

A group decision support systems (GDSS) is basically an interactive, intelligent, 

computer-based systems that facilitate the solution of unstructured problems by a set of 

agents (e.g. decision makers) working together as a group. Unstructured problems are 

imprecisely specified (fuzzy), complex processes for which there are no clear cut solution 

methods and in which the human intuition is often a basis for decision making (cf. Turban 

and Aronson, 2005).  

In the multiagent decision making environment many difficulties can appear, 

e.g., objectives are not measurable, information is incomplete, decisions must be taken 

under time pressure, objectives/criteria are conflicting, etc. Thus, the most important 

dimension of the GDSSs is the communication and coordination between decision makers. 

It improves the decision process by facilitating the exchange of information among 
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decision makers, reducing uncertainty, selecting and arranging the rules during a session 

(cf. Carlsson, Fedrizzi and Fuller, 2004).  

Software products provide a collaborative support to groups, i.e. supply a mechanism for 

teams to share opinions, data, information, knowledge, and other resources. What matters 

here is that a group decision support system (GDSS) is an adjunct to human agents 

(decision makers) to facilitate their decision making processes but not to replace them in 

the decision making. Moreover, it is a dynamic system which is adaptive over time, 

therefore the decision makers should be reactive and able to change their opinions quickly. 

The group decision support systems (GDSSs) try to improve the effectiveness of decision 

making (e.g., the accuracy, quality,…) rather than its efficiency (e.g., the cost of making 

decisions), cf. Turban and Aronson (2005). 

2.8  The concept of a linguistic data summary 

A linguistic data summary is meant as a natural language like short sentence that provides 

the very essence of a (usually large) numeric set of data, which is too large to be 

understandable by the humans (cf. Kacprzyk and Zadrożny, 2010b). In other words it uses 

knowledge about the application domain to produce reports or other kind of texts from 

some nonlinguistic representation of information (cf. Reiter and Dale, 2010). Due to novel 

advances in information technology, data is usually presented in big tables with numbers, 

and this works very well in many cases. However, since for the human being natural 

language is the only fully natural means of articulation and communications, most humans 

prefer words to numbers. This implies that natural language may be a very powerful tool 

in data analysis, data mining and the presentation of results. 

We show here the use of linguistic summaries introduced by Yager (1982, 1991, 1995, 

1996a), and then substantially advanced by Kacprzyk (2000), Kacprzyk and Yager (2001), 

Kacprzyk, Yager and Zadrożny (2000, 2001), and successfully implemented in Kacprzyk 

and Zadrożny (2001a, 2001c, 2003c, 2005, 2013a, 2013b, 2016). 

The original Yager’s (1982) approach to the linguistic summaries may be expressed as 

follows: 𝑌 = {𝑦1, … , 𝑦𝑛} is a set of objects (records), e.g. the set of workers. 𝐴 =

{𝐴1, … , 𝐴𝑚} is a set of attributes (features) characterizing an object from 𝑌, e.g., the salary 

in a database of workers, and 𝐴𝑗(𝑦𝑖) indicates a value of attribute 𝐴𝑗 for object 𝑦𝑖. 

The basic components of linguistic summary of a set 𝑌 are now (cf. Kacprzyk and 

Zadrożny, 2010a): 
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 a summarizer 𝑆, i.e. an attribute together with a linguistic value (a fuzzy predicate) 

denoted on the domain of attribute 𝐴𝑗; 

 a quantity in agreement 𝑄, i.e. a linguistic quantifier; 

 truth (validity) 𝑇 of the summary, i.e. a number from the interval [0,1] evaluating 

the truth of the summary; 

 optionally, a qualifier 𝑅, i.e. another attribute together with a linguistic value (a 

fuzzy predicate) defined on the domain of attribute 𝐴𝑗 determining a fuzzy subset 

of 𝑌. 

In our context the set of objects is represented by a set of agents, 𝐸 = {𝑒𝑚} =

{𝑒1, 𝑒2, … , 𝑒𝑀},and their testimonies with respect to different pairs of options 𝑆 = {𝑠𝑛} =

{𝑠1, 𝑠2, … , 𝑠𝑁} and their attributes.  

Then the linguistic summary can be expressed as: 

 

𝑇(Mostofagentspreferoption𝑠1to𝑠2) = 0.7 

Thus, the core of a linguistic summary is a linguistically quantified proposition. In our 

context we calculate a linguistically quantified propositions using Zadeh’s (1983) calculus 

based on fuzzy logic with linguistic quantifiers which was described in Section 2.4.  

Obviously, we can also compute the truth value by using OWA operators (cf. Yager, 

1996b) or Sugeno or Choquet integrals (cf. Bosc and Lietard, 1994, 1995). Some other 

attempt how to evaluate the quality of linguistic summaries were also made. So, for 

example, the quality criteria of linguistic data summaries like the degree of 

appropriateness, the degree of imprecision, and the length of the summary were introduced 

by Kacprzyk and Strykowski (1999a, 1999b), and Kacprzyk and Yager (2001). In recent 

years, a new description of the degree of covering were introduced, and Niewiadomski 

(2008) proposed the extension of the linguistic summaries to the type-2 fuzzy sets and 

suggested some new measures exemplified by the imprecision of the quantifier or qualifier. 

We can notice that the concept of a linguistic summary is closely related to the idea of 

supporting the moderator to run the consensus reaching process by providing him or her 

with additional information which was mentioned in Section 2.2.  

We will now proceed to a more detailed presentation of possible approaches to the support 

of consensus reaching, starting with a presentation of some novel extensions of the 

conventional, efficiency oriented approaches, followed then by the presentation of our new 

fairness oriented approach. 
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Chapter 3 

Supporting consensus reaching: an efficiency 

oriented approach 
 

In the previous chapter we have presented the state of the art of models and approaches for 

supporting consensus reaching in a group of agents within the fuzzy logic framework, to be 

more specific, under fuzzy preferences and a fuzzy majority. The main purpose of this 

chapter is to propose the use of some novel tools and techniques to build some new agent 

based computational models that improve the efficiency of a consensus reaching process, 

i.e. make the consensus reaching process faster. Since our purpose is to provide a computer 

based support, we present a user friendly Web based implementation of the system. To 

show the essence and functioning of our models and system, we assume that we first attain 

a consensus and then find a group decision solution, i.e. an option(s) best acceptable by 

the group. 

For this purpose, we extent the moderator run consensus reaching process in a small group 

of autonomous agents the architecture of which has been proposed in Section 2.2. We 

assume that the agent’s testimonies are expressed in the form of individual fuzzy (graded) 

preference relations and, as mentioned in Section 2.3, technically they are directly 

introduced by filling the preference matrices. We consider the fuzzy majority in Kacprzyk’s 

(1986) sense, i.e. represented by a fuzzy linguistic quantifier in Zadeh’s (1983) sense, and 

a fuzzy majority based soft measure of consensus due to Kacprzyk and Fedrizzi (1986, 

1988a, 1988b 1989), presented in Section 2.5, which is basically meant as a degree to 

which, for instance: “Most of agents agree as to their preferences with respect to most of 

the options”. 

Essentially, we are focused on the consensus reaching process as an attempt to make the 

agent’s testimonies more similar, that is, to get a sufficiently high degree of consensus 

(agreement) within the group of agents. The moderator, in charge of running the consensus 

reaching session, aims at focusing the session on those directions that may best resolve 

conflicts of testimonies within the group. Thus, we need to concentrate on modern tools 

that can help the moderator find those crucial issues with respect to agent’s testimonies 

which can be promising from the point of view of an effective and efficient running of the 

session. 
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We have enhanced the basic architecture of the system with some novel concepts and 

techniques (cf. Kacprzyk and Zadrożny, 2008, 2009a, 2010a, 2010b, 2010c) which are 

based on the use of some additional information and insight into the structure of the agent’s 

preferences, and their temporal evolution with respect to the set of agents and options. All 

these hints and indicators basically point out those agents and (pairs of) options, and also 

possibly some other aspects, which are critical for the effectiveness but above all the 

efficiency of the consensus reaching process in the sense that they have the highest impact 

on the (positive) change of the degree of consensus, and that is why should be dealt with 

by the moderator, for instance, by trying to persuade to change the testimonies of specified 

agents with respect to specified pairs of options.  

Therefore, this is a clear efficiency oriented approach and some agents and options will be 

neglected in our analyses because they will not promise a sufficiently high contribution to 

the increase of the degree of consensus. 

Our main purpose is to perform after each section in this chapter a more thorough 

numerical analysis of the model proposed, notably in the case when there are more agents 

and more options. However, our presentation is meant to be comprehensible to the readers.  

Since it is obvious that the human agents may be reluctant to change their testimonies 

(though they should be willing and able to do so to be able to reach consensus), any change 

involves some “cost” which should be taken into account as proposed by Gołuńska and 

Kacprzyk (2014), and Gołuńska, Kacprzyk and Zadrożny (2014b, 2014c). This is clearly 

related to a human reluctance to depart to much from his or her initial testimony which is 

observed in psychological investigations. To be more specific, for simplicity and making 

the approach operational, the testimonies with respect to the set of options are assumed to 

be quantified using the values of 0, 0.1, 0.2, … 0.9, 1, and each change of preferences by 

0.1 is assumed to imply a unit cost. 

3.1. Linguistic summaries for discussion guidance 

As mentioned in the previous section, the ability of human agents to attain consensus is 

basically equivalent in our context to the willingness (and then ability) of the agents to 

change their initial preference matrices towards a consensual matrix. Therefore, the crucial 

element of a consensus reaching support system is a set of indicators estimating how far 

the group is from the consensus, which are the main obstacles in the attainment of 

consensus, which options are the most preferable for being considered as candidates for 

suggesting changes of testimonies with respect to them, whose (of which agent) 

testimonies are in the highest and lowest agreement with the rest of the group, which 
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preference matrix might be a candidate for a consensual one, etc. These indicators may be 

expressed in various ways but in this work we assume that they are given in a human 

consistent form of linguistic data summaries, i.e. short sentences in (quasi)natural 

language, as discussed in Section 2.8. 

 

Our starting point is motivated by Kacprzyk and Zadrożny’s (2004) proposal. They used 

linguistic data summaries to obtain some additional measures of the current situation in the 

group of agents regarding the agent’s testimonies. Most importantly, various summaries 

have been proposed in that work which differ depending on the set of objects, i.e. agents 

or options. Hence, such a summary may be exemplified by:  

 

“Most agents definitely prefer option 𝑠𝑖1 to 𝑠𝑖2, moderately prefer option 𝑠𝑖3 to 

𝑠𝑖4,…”,  

“Most agents definitely preferring option 𝑠𝑖1 to 𝑠𝑖2 also definitely prefer 𝑠𝑖3 to 𝑠𝑖4”,  

“Most options are dominated by option 𝑠𝑖1 in opinion of agent 𝑒𝑚1, 𝑒𝑚2”, “Most 

options dominating option 𝑠𝑖1 in opinion of agent 𝑒𝑚1 also dominate option 𝑠𝑖1 in 

opinion of agent 𝑒𝑚2”, etc.  

 

Notice that these statements help the moderator grasp very important relations and 

interplay between the agent’s testimonies. 

 

In this work we further develop linguistic tools and techniques, in the form of the linguistic 

data summaries, to get a better understanding of complex relations among the group 

members. We numerically analyze the agent’s testimonies by additional indicators 

pointing out those agents and options which are the most promising in the sense that their 

changes of testimonies may imply a high increase of the degree of consensus. Obviously, 

the degree of consensus  plays itself a significant role in guiding a consensus reaching 

process. However, according to the flexible definition of consensus applied in this work, 

the consensus measurement module (cf. Figure 1) delivers more important information on 

the agreement of the agent’s testimonies and serve the purpose of some guiding hints for 

a further discussion between the agents and the moderator.  

3.1.1. Consensus indicators 

Among many possible linguistic summaries proposed for the support of consensus reaching 

by Kacprzyk and Zadrożny (2008, 2009a, 2009b, 2010a, 2010b, 2010c), we employ here 

the following ones which have been suggested by Gołuńska, Kacprzyk and Zadrożny 
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(2014b, 2014c) as intuitively appealing and which can contribute to an effective and 

efficient running of the consensus reaching process: 

 Response to omission of agent 𝑒𝑚 ∈ 𝐸, 𝑅𝑇𝑂(𝑒𝑚) ∈ [−1,1], is defined as 

a difference between the consensus degree computed for the whole group (9) and the 

consensus degree for the group without taking into account agent 𝑒𝑚: 

 

𝑅𝑇𝑂(𝑒𝑚) =  𝑐𝑜𝑛𝑄1,𝑄2(𝐸, 𝑆) − 𝑐𝑜𝑛𝑄1,𝑄2(𝐸 − {𝑒𝑚}, 𝑆)  (18) 

 

 

This measure makes it possible to estimate the influence of a given agent on the agreement 

in the whole group. The range of values are from -1, for an absolutely negative impact, 

through 0 for the lack of effect, to +1 for a definitely positive influence. Hence, this 

indicator conveys how important is the participation of agent 𝑒𝑚 in the group of agents 

meant to reach consensus. Its positive value indicates a “consensus constructive” role (or 

specifics) while its negative value indicates a “consensus destructive” role (or specifics) of 

a given agent. 

 Personal consensus degree of agent 𝑒𝑚 ∈ 𝐸, 𝑃𝐶𝐷(𝑒𝑚) ∈ [0,1], is the truth value 

of the following proposition: 

 

“Preferences of agent 𝑒𝑚 as to the 𝑄1 (e.g., most) pairs of options are in agreement with 

the preference of 𝑄2 (e.g., most) agents” 

 

which may be written as: 

 

𝑃𝐶𝐷(𝑒𝑚1
) = 𝜇𝑄2[

1

𝑀−1
∑ 𝑣𝑄1(𝑒𝑚1 , 𝑒𝑚2 , 𝑆)
𝑀
𝑚1=1
𝑚2≠𝑚1,

]  (19) 

 

where 𝑣𝑄1(𝑒𝑚1
, 𝑒𝑚2

, 𝑆) is given by equation (7).  

𝑃𝐶𝐷(𝑒𝑚) takes values from 0 for an agent who is the most isolated in his or her testimony 

as compared to the rest of the group; to 1 for an agent whose testimonies are shared by 

most agents, through all intermediate values. This indicator points out how “typical” the 
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testimony of agent 𝑒𝑚 is within the group, and helps identify those agents who may be 

called “outsiders”. 

 Option consensus degree for option 𝑠𝑖 ∈ 𝑆, 𝑂𝐶𝐷(𝑠𝑖) ∈ [0,1], is the degree of truth 

value of the statement: 

 

“𝑄 (e.g. most) pairs of agents agree in their preferences with respect to option 𝑠𝑖” 

 

which may be formalized as follows:  

First we calculate: 

 

 𝑣𝑖(𝑒𝑚1
, 𝑒𝑚2

) =
1

𝑁−1
∑ 𝑣𝑖𝑗

𝛼(𝑒𝑚1
, 𝑒𝑚2

)𝑁
𝑗=1
𝑗≠𝑖

   (20) 

 

where 𝑣𝑖𝑗
𝛼(𝑒𝑚1

, 𝑒𝑚2
) is given in (10), or any other suitable measure (cf. Kacprzyk, 

Zadrożny, Fedrizzi and Nurmi, 2008). Basically, 𝑣𝑖(𝑒𝑚1
, 𝑒𝑚2

) may be viewed as the 

sufficient agreement in testimonies of the pair of agents 𝑒𝑚1
 and 𝑒𝑚2

 with respect to option 

𝑠𝑖. 

Then, we obtain: 

 

𝑂𝐶𝐷(𝑠𝑖) = 𝜇𝑄2[
2

𝑀(𝑀−1)
∑ ∑ 𝜇𝑄1(𝑣𝑖(𝑒𝑚1

, 𝑒𝑚2
))𝑀

𝑚2=𝑚1+1
𝑀−1
𝑚1=1

]  (21) 

 

which takes the values from 0, for substantially different preferences with respect to option 

𝑠𝑖 in the testimonies (preferences between the pairs of options) of most agents; to 1 for the 

opposite case; notice that in the latter case some options, with respect to which there occurs 

the above agreement, can be omitted from a further discussion. 

 Detailed option consensus degree for each pair of options (𝑠𝑖, 𝑠𝑗), 𝐷𝑂𝐶𝐷(𝑠𝑖 , 𝑠𝑗) ∈

[0,1], is the degree of truth value of the following statement: 

 

“Preferences of Q (e.g., most) agents are in agreement with respect to the pair of 

options(𝑠𝑖, 𝑠𝑗)” 
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which is the direct extension of the previous indicator, 𝑂𝐶𝐷(𝑠𝑖), and allows to compare 

the agreement of the agents as to the particular pair of options. 

 

 Response to exclusion of option 𝑠𝑖 ∈ 𝑆, 𝑅𝑇𝐸(𝑠𝑖) ∈ [−1,1], determined as a difference 

between the consensus degree calculated while considering the whole set of options, 

(9) or (11), and for the set without option 𝑠𝑖: 

 

  𝑅𝑇𝐸(𝑠𝑖) = 𝑐𝑜𝑛𝑄1,𝑄2(𝐸, 𝑆) − 𝑐𝑜𝑛𝑄1,𝑄2(𝐸, 𝑆 − {𝑠𝑖})  (22) 

 

so that it determines the influence of a given option on the degree of consensus.  

These are the discussion guidance indicators which will be used in this dissertation. All of 

them can help the moderator to properly choose the most promising agents and pairs of 

options to work on. 

3.1.2. Numerical results 

As a first step towards a more detailed and advanced analysis, we will first consider 

a simple example from Carlson, Fedrizzi, and Fuller (2004) which is well known and often 

used as some sort of a benchmark.  

Let the number of options, 𝑁, and the number of agents, 𝑀, be equal to four, and the 

individual fuzzy preference relations be as follows (the left lower triangular parts can be 

omitted because, as we have already mentioned in Section 2.3, the individual fuzzy 

preference relations are assumed to be reciprocal, i.e. if  𝑅𝑚 = [𝑟𝑖𝑗
𝑚]is a reciprocal matrix, 

i.e., 𝑟𝑖𝑗
𝑚 + 𝑟𝑗𝑖

𝑚 = 1, 𝑟𝑖𝑖
𝑚 = 0, for all 𝑖, 𝑗, 𝑚.): 
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At the beginning of the session the soft degree of consensus, given by (9), with 𝑄1 = 𝑄2 =

"𝑚𝑜𝑠𝑡" given by (2), in the group of four agents, equals: 

 

𝑐𝑜𝑛𝑄1,𝑄2(𝐸, 𝑆) = 0.42 

  

Suppose that this degree of consensus is not satisfactory. A higher degree of consensus can 

be obtained by providing the moderator with some useful additional indicators, defined in 

Subsection 3.1.1. 

The values of 𝑃𝐶𝐷(𝑒𝑚) (19), 𝑅𝑇𝑂(𝑒𝑚) (18), 𝑂𝐶𝐷(𝑠𝑖) (21), and 𝑅𝑇𝐸(𝑠𝑖) (22), 𝑚, 𝑖 =

1, … ,4, for the particular agents and options, are shown rank ordered in Table I, Table II, 

Table III, and Table IV, respectively. 

 

 

TABLE I. VALUES OF 𝑃𝐶𝐷(𝑒𝑚) FOR EACH AGENT  

 

𝑷𝑪𝑫(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑷𝑪𝑫(𝒆𝟏) 0.86 

𝑷𝑪𝑫(𝒆𝟐) 0.42 

𝑷𝑪𝑫(𝒆𝟑) 0.42 

𝑷𝑪𝑫(𝒆𝟒) 0 

  

 

TABLE II. VALUES OF 𝑅𝑇𝑂(𝑒𝑚) FOR EACH AGENT  

 

𝑹𝑻𝑶(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑶(𝒆𝟏) 0.42 

𝑹𝑻𝑶(𝒆𝟐) −0.09 

𝑹𝑻𝑶(𝒆𝟑) −0.09 

𝑹𝑻𝑶(𝒆𝟒) −0.44 
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TABLE III. VALUES OF 𝑂𝐶𝐷(𝑠𝑖) FOR EACH OPTION 

 

𝑶𝑪𝑫(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑶𝑪𝑫(𝒔𝟐) 0.47 

𝑶𝑪𝑫(𝒔𝟑) 0.42 

𝑶𝑪𝑫(𝒔𝟒) 0.42 

𝑶𝑪𝑫(𝒔𝟏) 0 

 

TABLE IV. VALUES OF 𝑅𝑇𝐸(𝑠𝑖) FOR EACH OPTION 

 

𝑹𝑻𝑬(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑬(𝒔𝟐) 0.42 

𝑹𝑻𝑬(𝒔𝟑) 0 

𝑹𝑻𝑬(𝒔𝟒) 0 

𝑹𝑻𝑬(𝒔𝟏) −0.04 

 

By looking at the indicators given above we can notice that: 

 The values of 𝑃𝐶𝐷(𝑒𝑚) indicates that agent 𝑒4 is the most isolated with his/her 
testimony as to the rest of the group.  

 Moreover, the values of 𝑅𝑇𝑂(𝑒𝑚) confirm that at this stage of the consensus 
reaching process agent 𝑒4 has a negative influence on the agreement within the 
group. 

 The values of 𝑃𝐶𝐷(𝑒𝑚) and 𝑅𝑇𝑂(𝑒𝑚) indicate that testimonies of agent 𝑒1 are 
shared by most of the agents so that his/her fuzzy preference relation matrix might 
be therefore a candidate for a consensual preference relation matrix. 

 The values of 𝑂𝐶𝐷(𝑠𝑖) and 𝑅𝑇𝐸(𝑠𝑖) show that option 𝑠2 is the most promising as 
an object for a further discussion. 

Let us try to change the preferences of the most isolated agent, 𝑒4, as to the option 𝑠2, 

which is pointed out by𝑂𝐶𝐷(𝑠𝑖) and 𝑅𝑇𝐸(𝑠𝑖) indicators as the most promising one. For 

instance, let the new values in the fuzzy preference relation matrix of agent 𝑒4 be the same 

as those represented by agent 𝑒1 (whose testimonies are shared the most by the rest of the 

group). 
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Therefore, the analysis of the above suggests that the following changes of preferences 

would be advantageous: 

 

𝑟23
4 = 0.7 → 0.8(↑ 0.1) 

𝑟24
4 = 0.1 → 0.2(↑ 0.1) 

 

These small changes in only two values of preferences, cause the new value of the degree 

of consensus to be equal to:  

 

𝑐𝑜𝑛𝑄1,𝑄2(𝐸, 𝑆) = 0.96 

 

which can well be viewed as a satisfactory and the session can end. 

As we have already mentioned in Section 2.6, the consensus reaching process is usually 

the first step for the derivation of a group decision solution which in our case is assumed 

to be the well established and often used 𝑓𝑢𝑧𝑧𝑦𝑄 − 𝑐𝑜𝑟𝑒 (17) which is now: 

𝜇𝐶𝑄(𝑠2) = 0.73 

𝜇𝐶𝑄(𝑠4) = 0.73 

𝜇𝐶𝑄(𝑠3) = 0.23 

𝜇𝐶𝑄(𝑠1) = 0 

Notice that two options are now pointed out as the best choice of the group, namely option 

𝑠2 and option𝑠4. 

 

3.2. Advising attitudes – different rules of recommendation 

We have shown in the previous section some good indicators that can help to extract 

information from the agent’s testimonies and make it possible to effectively and efficiently 

use them as a tool to support the moderator to drive the group towards consensus. This 

clearly indicates that the we should now mention some possible tactics according to which 
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the agents are expected to update their testimonies following an advice given by the 

moderator. In other words, we need to propose various rules of the moderators’ persuasion, 

rational argumentation, etc., depending on the context of the process and considering 

different natures of the group of agents. 

There are several procedures that can be applied at this level of consensus reaching model. 

According to Perez, Wikström, Mezei, Carlsson, Anaya and Herrera-Viedma (2013), these 

procedures may be classified along the following line: on the one extreme, there are limited 

scope approaches in which consensus is reached within a limited number of agents (i.e. 

a subset of the set of all agents), and on the other extreme, a more participatory process in 

which consensus is reached by all the agents involved.  

The moderator may pursue various tactics, following different attitudes, during his 

suggestions as to the modification of the agent’s testimonies. In this section, we propose 

the two basic ways of the opinions’ changing process depending on two opposite attitudes 

(standpoints of modes of operation) of the moderator: 

 optimistic, 

 pessimistic. 

This distinction may be helpful while dealing with various types of problems, in particular 

in the case of a specified amount of time available for running the session among the agents 

(cf. Herrera-Viedma, Alonso, Chiclana and Herrera, 2007; Herrera-Viedma, Cabrerizo, 

Kacprzyk and Pedrycz, 2014).  

What matters here is that we need to devise easy to comprehend rules for each of the 

moderator’s attitudes. To do so, the process of providing the advice is divided into two 

phases:  

 the identification phase, 

 the recommendation phase.  

During the identification phase we select those agents who should participate in the 

opinions’ changing process, those options which should be taken into account in the 

opinions’ change process, and finally those particular pairs of options with respect to which 

the testimonies of the agents should be changed. On the other hand, in the recommendation 

phase we search for the direction of changes to be recommended in each case (cf. Perez, 

Wikström, Mezei, Carlsson, Anaya and Herrera-Viedma, 2013). Both phases differ with 

their assumptions according to the particular moderator’s attitude. 
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3.2.1. Optimistic attitude 

In this scenario, the moderator gets the agents closer to the consensus by convincing the 

most consistent agents, that is, those whose testimonies follow (are similar to) to a larger 

extent those of the group, while agents who are isolated in the sense of their testimonies 

are omitted. 

We have here the following issues we have to deal with: 

 

 𝐼𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑎𝑔𝑒𝑛𝑡𝑠: we identify the subgroup of agents who are the most 

consistent in their testimonies. This set of agents is denoted as: 

 

 

𝐴𝐺𝑁1 = {𝑒𝑚 ∈ 𝐸|𝑃𝐶𝐷(𝑒𝑚) > 𝛾1 ∧ 𝑅𝑇𝑂(𝑒𝑚) ≥ 0} (23) 

 

where 𝛾1, here and later on in this section, is the minimum consistency level required for 

the agents (and then options) who should participate in the opinions’ changing process. 

 𝐼𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑜𝑝𝑡𝑖𝑜𝑛𝑠: we identify the subgroup of options with a positive 

influence on the degree of consensus. This set of options is defined as the most promising 

direction for a further discussion, and denoted as: 

 

 

𝑂𝑃𝑇1 = {𝑠𝑖 ∈ 𝑆|𝑂𝐶𝐷(𝑠𝑖) > 𝛾1 ∧ 𝑅𝑇𝐸(𝑠𝑖) ≥ 0}  (24) 

 

 𝐼𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑝𝑎𝑖𝑟𝑠𝑜𝑓𝑜𝑝𝑡𝑖𝑜𝑛𝑠: we select the particular pairs of 

options(𝑠𝑖, 𝑠𝑗) which should be considered during the opinions’ changing process. This set 

of options is denoted as: 

 

 

𝐷𝑂𝑃𝑇1 = {(𝑠𝑖, 𝑠𝑗) ∈ 𝑆|𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) > 𝛾1 ∧ 𝑠𝑖 ∈ 𝑂𝑃𝑇1} (25) 

 

 𝑅𝑒𝑐𝑜𝑚𝑚𝑒𝑛𝑑𝑎𝑡𝑖𝑜𝑛𝑝ℎ𝑎𝑠𝑒: we should formulate a general direction of updating 

testimonies of each agent 𝑒𝑚 ∈ 𝐴𝐺𝑁1 as to the pair (or pairs) of options(𝑠𝑖, 𝑠𝑗) ∈ 𝐷𝑂𝑃𝑇1 

with the maximum value of the 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) indicator. The new value of testimonies 

should be the same as those represented by the agent with the maximum value of the 
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𝑃𝐶𝐷(𝑒𝑚) indicator. After this iteration the degree of consensus should be computed. If it 

is not high enough, then all indicators are calculated once again and we start another round 

of discussion. 

 

Notice that though in all the formulas we used, for simplicity, the same symbol of  𝛾1, 

which stands for the minimum consistency level required, the values for the agents and 

options may be different, depending on the particular case considered. This is up to the 

moderator’s choice. 

 

3.2.2. Pessimistic attitude 

This attitude presupposes an equal participation of all agents during the consensus reaching 

process, in particular the participation of the so called “outsiders” who are isolated in their 

testimonies (preferences) from the rest of the group.  

In this case we have the following issues to deal with: 

 𝐼𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑎𝑔𝑒𝑛𝑡𝑠: we identify the particular agent or the set of agents 

who are the most isolated in their testimonies as to the rest of the group. This set is denoted 

as: 

 

𝐴𝐺𝑁2 = {𝑒𝑚 ∈ 𝐸|𝑃𝐶𝐷(𝑒𝑚) < 𝛾2 ∧ 𝑅𝑇𝑂(𝑒𝑚) < 0}  (26) 

 

where 𝛾2, here and later on in this section, is the maximum consistency level required for 

the agents who should participate in the opinion change process. 

 

 𝐼𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑜𝑝𝑡𝑖𝑜𝑛𝑠: we identify these options which are the main 

obstacles in attaining the consensus within the group. This set of options is denoted by: 

 

𝑂𝑃𝑇2 = {𝑠𝑖 ∈ 𝑆|𝑂𝐶𝐷(𝑠𝑖) < 𝛾2 ∧ 𝑅𝑇𝐸(𝑠𝑖) < 0}   (27) 

 

 𝐼𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑝𝑎𝑖𝑟𝑠𝑜𝑓𝑜𝑝𝑡𝑖𝑜𝑛𝑠: we select the particular pairs of 

options(𝑠𝑖, 𝑠𝑗) which should be considered during the opinions’ changing process: 

 

𝐷𝑂𝑃𝑇2 = {(𝑠𝑖, 𝑠𝑗) ∈ 𝑆|𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) < 𝛾2 ∧ 𝑠𝑖 ∈ 𝑂𝑃𝑇2}  (28) 
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 𝑅𝑒𝑐𝑜𝑚𝑚𝑒𝑛𝑑𝑎𝑡𝑖𝑜𝑛𝑝ℎ𝑎𝑠𝑒: the testimonies of each agent 𝑒𝑚 ∈ 𝐴𝐺𝑁2 should be 

changed as to the pair (or pairs) of options(𝑠𝑖, 𝑠𝑗) ∈ 𝐷𝑂𝑃𝑇2 with the minimum value of 

the 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) indicator. The new value of the agent’s testimony with respect to this 

pair of options should be the same as this represented by the agent with the highest value 

of 𝑃𝐶𝐷(𝑒𝑚) indicator. After this iteration the degree of consensus should be computed. If 

it is not high enough, then all indicators are calculated once again and we start another 

round of discussion. 

 

Notice again that as in Subsection 3.2.1 – though in all the formulas we used, for simplicity, 

the same symbol of 𝛾2, which stands for the maximum consistency level required – the 

values for the agents and options may be different, depending on the particular case 

considered. This is again up to the moderator’s choice. 

3.2.3.  Numerical results 

To illustrate the functioning of the new models proposed, we will show an illustrative 

example given in Gołuńska, Kacprzyk and Herrera-Viedma (2015). There is a group of 6 

agents who are requested to provide testimonies about 4 options. The fuzzy preference 

relations of each agent (the left lower triangular part is omitted, as in Subsection 3.1.2) are:  
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The degree of the sufficient consensus (11), with 𝑄1 = 𝑄2 = "𝑚𝑜𝑠𝑡" given by (2), and 

with 𝛼 = 0.7 is: 

 

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.69 

 

This value is considered below the level of agreement required within the group members, 

thus to obtain a higher value of agreement we resort to the method proposed in Subsections 

3.2.1 and 3.2.2. 

All consensus indicators, calculated after the first iteration of the process, are as follows. 

The values of 𝑃𝐶𝐷(𝑒𝑚) (19) and 𝑅𝑇𝑂(𝑒𝑚) (18), 𝑚 = 1,2,… ,6, for the particular agents, 

are shown rank ordered in Table V, and Table VI, respectively. 

 

 

TABLE V. VALUES OF 𝑃𝐶𝐷(𝑒𝑚) FOR EACH AGENT  

 

𝑷𝑪𝑫(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑷𝑪𝑫(𝒆𝟏) 1 

𝑷𝑪𝑫(𝒆𝟔) 0.95 

𝑷𝑪𝑫(𝒆𝟑) 0.68 

𝑷𝑪𝑫(𝒆𝟓) 0.68 

𝑷𝑪𝑫(𝒆𝟒) 0.47 

𝑷𝑪𝑫(𝒆𝟐) 0.31 

 

 



  47 

TABLE VI. VALUES OF 𝑅𝑇𝑂(𝑒𝑚) FOR EACH AGENT  

 

𝑹𝑻𝑶(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑶(𝒆𝟏) 0.18 

𝑹𝑻𝑶(𝒆𝟔) 0.13 

𝑹𝑻𝑶(𝒆𝟑) 0 

𝑹𝑻𝑶(𝒆𝟓) 0 

𝑹𝑻𝑶(𝒆𝟒) −0.11 

𝑹𝑻𝑶(𝒆𝟐) −0.19 

 

 

The values of 𝑂𝐶𝐷(𝑠𝑖) (21) and 𝑅𝑇𝐸(𝑠𝑖) (22), 𝑖 = 1,2, … ,4,for the particular options, are 

given in Table VII, and Table VIII, respectively. 

 

 

TABLE VII. VALUES OF 𝑂𝐶𝐷(𝑠𝑖) FOR EACH OPTION 

 

𝑶𝑪𝑫(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑶𝑪𝑫(𝒔𝟏) 1 

𝑶𝑪𝑫(𝒔𝟐) 0.71 

𝑶𝑪𝑫(𝒔𝟒) 0.48 

𝑶𝑪𝑫(𝒔𝟑) 0.33 

 

 

TABLE VIII. VALUES OF 𝑅𝑇𝐸(𝑠𝑖) FOR EACH OPTION 

 

𝑹𝑻𝑬(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑬(𝒔𝟏) 0.33 

𝑹𝑻𝑬(𝒔𝟐) 0.12 

𝑹𝑻𝑬(𝒔𝟒) 0.04 

𝑹𝑻𝑬(𝒔𝟑) −0.25 

 

To get more insight into the situation, we also compute the detailed option consensus 

degree, 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗),that is a direct extension of 𝑂𝐶𝐷(𝑠𝑖) but for each pair of options. 

The values of 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) are given below: 
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TABLE IX. VALUES OF 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) FOR EACH PAIR OF OPTIONS 

 

𝑫𝑶𝑪𝑫(𝒔𝒊, 𝒔𝒋) 𝑽𝒂𝒍𝒖𝒆 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟐) 1 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟒) 0.87 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟒) 0.73 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟑) 0.73 

𝑫𝑶𝑪𝑫(𝒔𝟑, 𝒔𝟒) 0.47 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟑) 0.2 

 

Following the rules of recommendation proposed in Subsection 3.2, we have followed both 

types of the moderator’s attitudes: optimistic and pessimistic. Since our goal has been in 

this chapter to implement the efficiency oriented strategy of the moderator’s running of the 

consensus reaching process, it is clear that our main goal is to obtain the highest possible 

degree of consensus within the available time period.  

 

3.2.3.1. The case of an optimistic attitude 

Following Tables V-IX, the moderator starts with the identification of the subgroup of 

agents who are the most consistent in their testimonies with respect to the options 

considered, and the subgroup of options which are the most promising direction of a further 

discussion. According to (23), (24), (25), with 𝛾1 = 0.6 for both agents and options, we 

obtain rank ordered sets (from the highest to the lowest value of indicators): 

 

𝐴𝐺𝑁1 = {𝑒1, 𝑒6, 𝑒3, 𝑒5} 

𝑂𝑃𝑇1 = {𝑠1, 𝑠2} 

𝐷𝑂𝑃𝑇1 = {(𝑠1, 𝑠2), (𝑠1, 𝑠4), (𝑠1, 𝑠3), (𝑠2, 𝑠4)} 

 

As stated in the recommendation phase in Subsection 3.2.1, the moderator suggests to 

update the testimonies of agents:𝑒3,𝑒5, 𝑒6 with respect to the pair of options(𝑠1, 𝑠2), that 

is, those with the highest value of 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗). The new value of the agent’s testimonies 
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with respect to this pair of options would be the same as those represented by agent 𝑒1, that 

is with the highest value of 𝑃𝐶𝐷(𝑒𝑚). 

Therefore, the change of testimonies would be as follows: 

 

𝑟12
3 = 1.0 → 0.9(↓ 0.1) 

𝑟12
5 = 0.9𝑛𝑜𝑐ℎ𝑎𝑛𝑔𝑒 

𝑟12
6 = 0.6 → 0.9(↑ 0.3) 

The degree of sufficient consensus (11) is now: 

  

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.72 

The cost of changes, during the first iteration of the session, is equal to 4. 

This value is considered below the satisfactory level of agreement within the group 

members, thus the next iteration of the process is required. 

The values of all consensus indicators are now: 

 

TABLE X. VALUES OF 𝑃𝐶𝐷(𝑒𝑚) FOR EACH AGENT  

 

𝑷𝑪𝑫(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑷𝑪𝑫(𝒆𝟏) 1 

𝑷𝑪𝑫(𝒆𝟔) 1 

𝑷𝑪𝑫(𝒆𝟑) 0.79 

𝑷𝑪𝑫(𝒆𝟓) 0.68 

𝑷𝑪𝑫(𝒆𝟒) 0.47 

𝑷𝑪𝑫(𝒆𝟐) 0.31 
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TABLE XI. VALUES OF 𝑅𝑇𝑂(𝑒𝑚) FOR EACH AGENT 

 

𝑹𝑻𝑶(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑶(𝒆𝟏) 0.16 

𝑹𝑻𝑶(𝒆𝟔) 0.16 

𝑹𝑻𝑶(𝒆𝟑) 0.03 

𝑹𝑻𝑶(𝒆𝟓) 0.02 

𝑹𝑻𝑶(𝒆𝟒) −0.13 

𝑹𝑻𝑶(𝒆𝟐) −0.21 

 

TABLE XII. VALUES OF 𝑂𝐶𝐷(𝑠𝑖) FOR EACH OPTION 

 

𝑶𝑪𝑫(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑶𝑪𝑫(𝒔𝟏) 1 

𝑶𝑪𝑫(𝒔𝟐) 0.74 

𝑶𝑪𝑫(𝒔𝟒) 0.48 

𝑶𝑪𝑫(𝒔𝟑) 0.33 

 

TABLE XIII. VALUES OF 𝑅𝑇𝐸(𝑠𝑖) FOR EACH OPTION 

 

𝑹𝑻𝑬(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑬(𝒔𝟏) 0.36 

𝑹𝑻𝑬(𝒔𝟐) 0.16 

𝑹𝑻𝑬(𝒔𝟒) 0.02 

𝑹𝑻𝑬(𝒔𝟑) −0.25 

 

 

TABLE XIV. VALUES OF 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) FOR EACH PAIR OF OPTIONS 

 

𝑫𝑶𝑪𝑫(𝒔𝒊, 𝒔𝒋) 𝑽𝒂𝒍𝒖𝒆 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟐) 1 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟒) 0.87 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟒) 0.73 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟑) 0.73 

𝑫𝑶𝑪𝑫(𝒔𝟑, 𝒔𝟒) 0.47 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟑) 0.2 
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In the second iteration, with 𝛾1 = 0.6, for both the agents and options, the moderator 

obtains the rank ordered sets: 

 

𝐴𝐺𝑁1 = {𝑒1, 𝑒6, 𝑒3, 𝑒5} 

𝑂𝑃𝑇1 = {𝑠1, 𝑠2} 

𝐷𝑂𝑃𝑇1 = {(𝑠1, 𝑠2), (𝑠1, 𝑠4), (𝑠1, 𝑠3), (𝑠2, 𝑠4)} 

 

The moderator suggests to update the testimonies of the agents:𝑒3,𝑒5 with respect to the 

pair of options(𝑠1, 𝑠4). The moderator selects here the next highest value of the 

𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) indicator because, in this case, the reselection of the pair of options(𝑠1, 𝑠2) 

does not cause any more change neither in the agent’s 𝑒3 nor agent’s 𝑒5 testimonies. The 

new value of the agent’s testimonies with respect to this pair of options would be the same 

as those represented now by agent 𝑒6 (with the highest value of 𝑃𝐶𝐷(𝑒𝑚) indicator). The 

choice of agent 𝑒1 who has the highest value of 𝑃𝐶𝐷(𝑒𝑚) indicator does not make any 

change neither in the agent’s 𝑒3 nor agent’s 𝑒5 testimonies.  

Hence, the following change of preferences would be advantageous: 

 

𝑟14
1 = 1.0 → 0.7(↓ 0.3) 

𝑟14
3 = 1.0 → 0.7(↓ 0.3) 

𝑟14
5 = 1.0 → 0.7(↓ 0.3) 

 

The degree of sufficient consensus (11) is now: 

 

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.86 

 

The cost of changes, during the second iteration of the session, is equal to 9. 
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Once more, this value is considered below the sufficient level of agreement within the 

group members, thus the next iteration of the process is required. 

The values of all consensus indicators are now: 

 

 

TABLE XV. VALUES OF 𝑃𝐶𝐷(𝑒𝑚) FOR EACH AGENT 

  

𝑷𝑪𝑫(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑷𝑪𝑫(𝒆𝟏) 1 

𝑷𝑪𝑫(𝒆𝟔) 1 

𝑷𝑪𝑫(𝒆𝟑) 0.92 

𝑷𝑪𝑫(𝒆𝟒) 0.87 

𝑷𝑪𝑫(𝒆𝟓) 0.81 

𝑷𝑪𝑫(𝒆𝟐) 0.31 

 

 

TABLE XVI. VALUES OF 𝑅𝑇𝑂(𝑒𝑚) FOR EACH AGENT 

  

𝑹𝑻𝑶(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑶(𝒆𝟏) 0.16 

𝑹𝑻𝑶(𝒆𝟔) 0.10 

𝑹𝑻𝑶(𝒆𝟑) 0.03 

𝑹𝑻𝑶(𝒆𝟒) 0 

𝑹𝑻𝑶(𝒆𝟓) −0.02 

𝑹𝑻𝑶(𝒆𝟐) −0.14 

 

 

TABLE XVII. VALUES OF 𝑂𝐶𝐷(𝑠𝑖) FOR EACH OPTION 

 

𝑶𝑪𝑫(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑶𝑪𝑫(𝒔𝟏) 1 

𝑶𝑪𝑫(𝒔𝟐) 0.74 

𝑶𝑪𝑫(𝒔𝟒) 0.67 

𝑶𝑪𝑫(𝒔𝟑) 0.33 
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TABLE XVIII. VALUES OF 𝑅𝑇𝐸(𝑠𝑖) FOR EACH OPTION 

 

𝑹𝑻𝑬(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑬(𝒔𝟏) 0.5 

𝑹𝑻𝑬(𝒔𝟒) 0.12 

𝑹𝑻𝑬(𝒔𝟐) 0.03 

𝑹𝑻𝑬(𝒔𝟑) −0.14 

 

TABLE XIX. VALUES OF 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) FOR EACH PAIR OF OPTIONS 

 

𝑫𝑶𝑪𝑫(𝒔𝒊, 𝒔𝒋) 𝑽𝒂𝒍𝒖𝒆 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟐) 1 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟒) 1 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟒) 0.73 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟑) 0.73 

𝑫𝑶𝑪𝑫(𝒔𝟑, 𝒔𝟒) 0.47 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟑) 0.2 

 

In the third iteration, with 𝛾1 = 0.6 for both agents and options, the moderator finds rank 

ordered sets: 

𝐴𝐺𝑁1 = {𝑒1, 𝑒6, 𝑒3, 𝑒4} 

𝑂𝑃𝑇1 = {𝑠1, 𝑠2, 𝑠4} 

𝐷𝑂𝑃𝑇1 = {(𝑠1, 𝑠2), (𝑠1, 𝑠4), (𝑠1, 𝑠3), (𝑠2, 𝑠4)} 

 

The moderator might suggest to update the testimonies only of agent 𝑒4 with respect to the 

pair of options(𝑠1, 𝑠2) or options(𝑠1, 𝑠4) (the highest value of 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) indicator). 

However, the choice of the pair of options(𝑠1, 𝑠2) does not cause any change in agent’s 𝑒4 

testimonies, thus only pair of options(𝑠1, 𝑠4) would be taken into account. The new value 

of the agent’s 𝑒4 testimonies with respect to the selected pair of options should be the same 

as those represented by agent 𝑒1 or agent 𝑒6 (there are the same), namely: 

 

𝑟14
4 = 0.6 → 0.7(↑ 0.1) 
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The unit change in only one value causes the new value of the degree of consensus to be: 

 

𝑐𝑜𝑛𝑄1,𝑄2(𝐸, 𝑆) = 0.9 

  

which can well be viewed to be satisfactory and the session can end. 

The total cost of changes, during the three iteration of the session, is equal to 14. 

The group solution, the 𝑓𝑢𝑧𝑧𝑦𝑄 − 𝑐𝑜𝑟𝑒 (17) is then: 

𝜇𝐶𝑄(𝑠1) = 1 

𝜇𝐶𝑄(𝑠3) = 0.18 

𝜇𝐶𝑄(𝑠2) = 0.07 

𝜇𝐶𝑄(𝑠4) = 0 

 

Notice that option 𝑠1 is definitively the best choice of the group. 

 

3.2.3.2.  The case of a pessimistic attitude 

Following Tables XV - XIX, moderator starts with the identification of the set of agents 

who are the most isolated in their testimonies as to the rest of the group, and a set of options 

which are the main obstacles in reaching a sufficiently high degree of consensus.  

According to (26), (27), (28), with 𝛾2 = 0.6 for both the agents and options, we obtain the 

rank ordered sets (from the lowest to the highest value of the indicators): 

 

𝐴𝐺𝑁2 = {𝑒4, 𝑒2} 

𝑂𝑃𝑇1 = {𝑠3} 

𝐷𝑂𝑃𝑇1 = {(𝑠2, 𝑠3)(𝑠3, 𝑠4)} 
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Following the recommendation phase from Subsection 3.2.2, the moderator suggests to 

update the testimonies of agent 𝑒2 (the “outsider” - the one with the lowest 𝑃𝐶𝐷(𝑒𝑚) value) 

for those represented by agent 𝑒1 (the one with the highest value of the 𝑃𝐶𝐷(𝑒𝑚) 

indicator). Changes would concern the pair of options (𝑠3, 𝑠4) because, in this case, the 

testimonies of both agents with respect to the pair of options (𝑠2, 𝑠3), with the lowest value 

of the 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) indicator, are the same. 

Therefore, the advantageous change of testimonies would be as follows: 

 

𝑟34
2 = 0.5 → 0.7(↑ 0.2) 

 

The degree of sufficient consensus (11), with still 𝛼 = 0.7, is now: 

 

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.78 

 

The cost of changes, during the first iteration of this session, is equal to 2. 

This value of the degree of consensus is considered to be below a satisfactory level of 

agreement within group members, and thus the next iteration of the process is required. 

The values of all consensus indicators are now: 

 

TABLE XX. VALUES OF 𝑃𝐶𝐷(𝑒𝑚) FOR EACH AGENT  

 

𝑷𝑪𝑫(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑷𝑪𝑫(𝒆𝟏) 1 

𝑷𝑪𝑫(𝒆𝟔) 1 

𝑷𝑪𝑫(𝒆𝟑) 0.81 

𝑷𝑪𝑫(𝒆𝟓) 0.81 

𝑷𝑪𝑫(𝒆𝟐) 0.57 

𝑷𝑪𝑫(𝒆𝟒) 0.33 
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TABLE XXI. VALUES OF 𝑅𝑇𝑂(𝑒𝑚) FOR EACH AGENT 

  

𝑹𝑻𝑶(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑶(𝒆𝟏) 0.15 

𝑹𝑻𝑶(𝒆𝟔) 0.14 

𝑹𝑻𝑶(𝒆𝟑) 0.02 

𝑹𝑻𝑶(𝒆𝟓) 0.02 

𝑹𝑻𝑶(𝒆𝟐) −0.1 

𝑹𝑻𝑶(𝒆𝟒) −0.22 

 

TABLE XXII. VALUES OF 𝑂𝐶𝐷(𝑠𝑖) FOR EACH OPTION 

 

𝑶𝑪𝑫(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑶𝑪𝑫(𝒔𝟏) 1 

𝑶𝑪𝑫(𝒔𝟒) 0.74 

𝑶𝑪𝑫(𝒔𝟐) 0.71 

𝑶𝑪𝑫(𝒔𝟑) 0.4 

 

 

 

TABLE XXIII. VALUES OF 𝑅𝑇𝐸(𝑠𝑖) FOR EACH OPTION 

 

𝑹𝑻𝑬(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑬(𝒔𝟏) 0.48 

𝑹𝑻𝑬(𝒔𝟒) 0.12 

𝑹𝑻𝑬(𝒔𝟐) 0.09 

𝑹𝑻𝑬(𝒔𝟑) −0.16 

 

 

TABLE XXIV. VALUES OF 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) FOR EACH PAIR OF OPTIONS 

 

𝑫𝑶𝑪𝑫(𝒔𝒊, 𝒔𝒋) 𝑽𝒂𝒍𝒖𝒆 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟐) 1 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟒) 0.87 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟒) 0.73 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟑) 0.73 

𝑫𝑶𝑪𝑫(𝒔𝟑, 𝒔𝟒) 0.69 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟑) 0.2 
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In the second iteration, again with 𝛾2 = 0.6 for both the agents and options, the moderator 

obtains the rank ordered sets: 

 

𝐴𝐺𝑁2 = {𝑒4, 𝑒2} 

𝑂𝑃𝑇1 = {𝑠3} 

𝐷𝑂𝑃𝑇1 = {(𝑠2, 𝑠3)} 

 

The moderator recommends the updating of testimony to agent 𝑒4 with respect to the pair 

of options (𝑠2, 𝑠3). The new value of agent’s 𝑒4 testimony with respect to the selected pair 

of options would be the same as those represented by agent 𝑒1 (with the highest value of 

𝑃𝐶𝐷(𝑒𝑚) and 𝑅𝑇𝑂(𝑒𝑚) indicator). 

Thus, the advantageous change of testimonies would be as follows: 

 

𝑟23
4 = 0.6 → 0.8(↑ 0.2) 

 

The degree of sufficient consensus (11) is still: 

  

𝑐𝑜𝑛𝑄1,𝑄2(𝐸, 𝑆) = 0.78 

 

In this case, the moderator might suggest to update the testimonies of agent 𝑒4 with respect 

to the pair of options with the next lowest value of the 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) indicator, namely the 

pair of options (𝑠3, 𝑠4). The new value of agent’s 𝑒4 testimony with respect to the selected 

pair of options would be again the same as those represented by agent 𝑒1 

Hence, the following change of testimonies would be advantageous: 

 

𝑟34
4 = 0.3 → 0.7(↑ 0.4) 
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The degree of sufficient consensus (11) is now: 

  

𝑐𝑜𝑛𝑄1,𝑄2(𝐸, 𝑆) = 1 

 

which is definitively viewed as satisfactory and the session can ends. The cost of changes, 

during the second iteration of the session, is equal to 6. 

The group decision solution, the 𝑓𝑢𝑧𝑧𝑦𝑄 − 𝑐𝑜𝑟𝑒 (17), is now: 

𝜇𝐶𝑄(𝑠1) = 1 

𝜇𝐶𝑄(𝑠3) = 0.4 

𝜇𝐶𝑄(𝑠2) = 0 

𝜇𝐶𝑄(𝑠4) = 0 

Notice that option 𝑠1 is definitively the best choice of the group. 

 

3.2.4.  Conclusions 

We have considered in this section a group decision making problem in which the agents 

initially disagree in their individual fuzzy preferences, that is, are far from consensus, and 

consensus has to be reached step by step, after some sessions the essence of which is that 

there is the updating of testimonies but the agents and options involved are chosen by using 

some additional indicators.  

We have proposed a new approach to an efficiency focused consensus reaching support 

run by the moderator. We have emphasized the role of the moderator who facilitates 

obtaining a satisfactory (degree of) consensus by stimulating the exchange of information 

and argumentation, suggesting specific agents to change their testimonies, focusing the 

discussion on the most promising directions, etc. Specifically, we have introduced various 

tactics (attitudes) of the moderator’s persuasion for driving the consensus reaching process 

towards the highest degree of agreement. We have determined two kinds of rules 

representing the opposite, but still flexible, attitudes of the moderator’s actions, 

a pessimistic and optimistic one, depending on the problem considered or a specific nature 

of the group of agents. 
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A brief yet illustrative comparison of results for the optimistic and pessimistic  attitude of 

moderator’s persuasion for the numerical experiment used in this section is presented in 

Table XXV. 

 

 

TABLE XXV.  A COMPARISON OF RESULTS FOR THE OPTIMISTIC AND PESSIMISTIC 

MODERATOR’S ATTITUDE 

 

 𝑶𝒑𝒕𝒊𝒎𝒊𝒔𝒕𝒊𝒄 𝑷𝒆𝒔𝒔𝒊𝒎𝒊𝒔𝒕𝒊𝒄 

𝑰𝒏𝒊𝒕𝒊𝒂𝒍𝒅𝒆𝒈𝒓𝒆𝒆𝒐𝒇𝒄𝒐𝒏𝒔𝒆𝒏𝒔𝒖𝒔 0.69 0.69 

𝑭𝒊𝒏𝒂𝒍𝒅𝒆𝒈𝒓𝒆𝒆𝒐𝒇𝒄𝒐𝒏𝒔𝒆𝒏𝒔𝒖𝒔 0.9 1 

𝑵𝒖𝒎𝒃𝒆𝒓𝒐𝒇𝒓𝒐𝒖𝒏𝒅𝒔 3 2 

𝑻𝒐𝒕𝒂𝒍𝒄𝒐𝒔𝒕 14 8 

 

 

The results of this illustrative numerical example of a moderator run consensus reaching 

process, under the two opposite attitudes of moderator’s actions, have fully confirmed the 

effectiveness and efficiency of our proposed approach. Nevertheless, the attitude which 

takes care of those agents who are the most isolated with their testimonies with respect to 

the rest of the group, has been shown to be practically better.  

The consensus reaching process boils down to rational and efficient changes of testimonies 

by specific agents with respect to specific options, as suggested by the moderator supported 

by our additional indicators. There is clearly a natural policy to keep these changes at the 

minimum. The reason is simple: from a psychological point of view any changes of 

testimonies require the agents to depart from their original testimonies which implies some 

negative feeling.  

We have developed a simple cost model in which any change in testimonies by 0.1 (which 

has been found to be the best granulation of the values of preferences and their changes) is 

equivalent to a unit cost in our cost scheme. Therefore, the attitude of the moderator in 

which the “outsiders” are taken into account has made it possible not only to obtain the 

degree of consensus equals 1 in two rounds of our consensus reaching session, but also to 

get a minimum number of changes in the agent’s testimonies. 
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3.3. The concept of an ideal and anti-ideal agent and option 

In this section we present our novel approach (cf. Gołuńska, Kacprzyk and Zadrożny, 

2014a) of using the concepts of an ideal and an anti-ideal point, and then to use them in 

the context of the TOPSIS method, based on the aggregation of the “closeness to the ideal” 

and “farness from the anti-ideal” (cf. Opricovic and Tzeng, 2004; Anagnostopoulos et al., 

2008) to improve the running of the process of consensus reaching. The ideal and anti-

ideal may concern both the agents and options. 

The idea is as follows. The process of consensus reaching usually starts with the agent’s 

testimonies with respect to the set of options 𝑆. They are as a rule different, and should be 

made possibly similar (to reach a consensus) step by step by changes of testimonies by 

particular agents. Here, we enrich this part of the consensus reaching process in which the 

feedback information is generated (cf. Figure 1). By combining in a synergistic way new 

ideas and techniques, notably the concept of an ideal and anti-ideal point and the TOPSIS 

method complemented with some elements of natural language, in this work we use the 

idea of a linguistic summary that can be generated using NLG (natural language 

generation) techniques as proposed by Kacprzyk and Zadrożny (2010a) to provide the 

moderator with some valuable meta information concerning the advantageous direction of 

changes agent’s testimonies.  

3.3.1.  The ideal point and the anti-ideal point in multicriteria 

decision making 

In our approach we propose the use of the concept of an ideal point and an anti-ideal point 

(or nadir) which basically characterize the best and worse objective values of the efficient 

points, respectively. To show more formally how they are meant, we will now very briefly 

recall just some basic elements of multicriteria decision making (MCDM). This area is 

vast and we will just limit our attention to what will be needed in this work. More 

information can be found in many books, both classic and more recently published (cf. 

Keeney and Raiffa, 1976; Steuer, 1986; Triantaphyllou, 2000; Köksalan, Wallenius and 

Zionts, 2011), and some surveys, exemplified by Ehrgott and Gandibleux (2002), Ehrgott 

M., Tenfelde-Podehl D. (2003), Hajkowicz and Collins (2007), etc. Of course, these are 

just a handful of examples because the literature is here extremely rich. 

The MCDM is basically concerned with the formulation, structuring and solving decision 

making and planning problems which involve multiple criteria which are usually 

conflicting in that an increase of one implies a decrease in another. Usually, due to that 
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conflict, there is no unique solution and, to finally choose a solution, we should resort to 

additional information related to testimonies of the agents (decision makers) involved.  

Of course, due to this difficulty that the choice of a “best” option (solution) is not 

straightforward and natural, the solution of such MCDM problems can be meant in various 

ways. On the one hand, we can be interested in finding a "best" (“most preferred” to the 

agents) option from a set of available (or feasible) options. On the other hand, we can be 

focused on finding a (possibly small, to make it operational) set of good options. Among 

possible interpretations of these ideas, the concept of an efficient or nondominated solution 

(option) is particularly intuitively appealing and also formally sound. A nondominated 

solution is the one that it is not possible to move away from it to any other solution without 

obtaining a lower satisfaction in at least one criterion. It is therefore easy to see that an 

option from the set of nondominated solution is a well justified solution. Unfortunately, 

the set of nondominated solutions is usually too large to be presented, i.e. to be 

comprehensible, to the agent (decision maker) for choosing the final (“best”) solution(s), 

and some support is needed. 

It is easy to notice that the above types of the MCDM problems have been omnipresent in 

all areas of human activities since the ancient times, and – due to an increased complexity 

of problems and systems we witness in the decades – have become on object of intensive 

research since the early 1960s (cf. Keeney and Raiffa, 1976; Steuer, 1986; Triantaphyllou, 

2000; Köksalan, Wallenius and Zionts, 2011, for information on the history). 

There are different classifications of the MCDM problems and methods employed in the 

area, in particular due to whether the solutions are explicitly or implicitly defined. One of 

them, which is convenient for our purposes, divides the MCDM problems into: 

 Multicriteria evaluation problems which involve a finite number of options that are 

known from the beginning, and each option is characterized by its performance 

with respect to the particular criteria. The problem is to find the best option, or a set 

of good options, and we can even be interested in some ranking or even 

classification of options to some “better” or “worse” classes. 

 Multicriteria design problems in which the options are not explicitly known, they 

are just known to belong to a set of feasible options, finite or infinite. An (best or 

optimal) option (solution) is found by solving a mathematical programming 

problem.  

The MCDM problem can be formulated both in the criterion space or in the option 

(decision) space.  
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Let as denote by 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑁) a vector of 𝑁 decision variables (options, solutions, 

etc.). In order to know how good is a certain option, we need to consider multiple criteria 

for evaluation. These multiple criteria are expressed as computable functions of the 

decision variables which are called objective functions and are given as a vector 𝑓(𝑥) =

(𝑓1(𝑥), 𝑓2(𝑥),… , 𝑓𝑁(𝑥)). Generally, some of these functions will have to be minimized 

while others maximized.  

The MCDM problem can be defined as the “problem of finding a vector of decision 

variables which satisfies constraints and optimizes a vector function the elements of which 

represent the objective functions. These functions form a mathematical description of 

performance criteria that are usually in conflict with each other (cf. Narzisi, 2008)”. The 

constraints specify the feasible space 𝑋 and any point 𝑥 ∈ 𝑋 defines a feasible option. For 

each option 𝑥 in the decision variable space 𝑋 there is a point in the objective space 𝐹 

denoted by the value of the vector function𝑓(𝑥). We have to specify what is meant by an 

optimal option. One natural interpretation of the term “an optimal option” in the MCDM 

problem may be a Pareto optimal option. 

Suppose that we have the following MCDM problem: 

 

max
𝑥
(𝑓1(𝑥), 𝑓2(𝑥),… , 𝑓𝑁(𝑥)), 𝑥 ∈ 𝑆   (29) 

where 𝑆 is a search space.  

There are several definitions that are crucial for the MCDM, and also for our work. First, 

this is the concept of nondominance (Pareto optimality, Pareto efficiency,  

noninferiority,…). 

 

Definition 1. A feasible option 𝑥1 is called Pareto optimal if there does not exist another 

feasible option 𝑥 which is at least as good as 𝑥1 with respect to all criteria, i.e. if there is 

no 𝑥 ∈ 𝑋 such that 𝑓𝑗(𝑥1) ≤ 𝑓𝑗(𝑥) for all 𝑗 = 1,… ,𝑁, and strictly better for at least one 

objective, i.e. if there is no𝑥 ∈ 𝑋 such that 𝑓𝑗(𝑥1) < 𝑓𝑗(𝑥) for at least one 𝑗 ∈ {1, … ,𝑁}. 

The set of the Pareto optimal options will be denoted by P. 

 

Now, we have two important concepts that are crucial for our approach. 

https://www.wikiwand.com/en/Pareto_optimal
https://www.wikiwand.com/en/Pareto_efficient
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Definition 2. The ideal point 𝐼, in the set of criteria, is defined as: 

 

𝐼 = sup 𝑓𝑗(𝑥) ; 𝑗 = 1,… , 𝑁, 𝑥 ∈ 𝑆   (30) 

where 𝑆 is a search space.  

 

In general, the ideal point (in the criterion space) represents the best (the maximum for the 

maximization problems and the minimum for the minimization problems) of each 

objective function that can be attained. Usually, it corresponds to an infeasible option 

(solution). However, in a special case, the ideal point corresponds to a feasible option when 

the optima of all objective functions are identical. 

 

Definition 3. The anti-ideal point (or nadir) 𝐴 is defined as: 

 

𝐴 = 𝑖𝑛𝑓𝑓𝑗(𝑥); 𝑗 = 1, … , 𝑁, 𝑥 ∈ 𝑃   (31) 

where 𝑃 is set of nondominated options.   

The anti-ideal (nadir) point (in the criterion space) represents the worst (the minimum for 

the maximization problems and the maximum for the minimization problems) of each 

objective function among the points in the set of nondominated options, and is usually 

a dominated option. 

It is easy to see that the ideal anti-ideal points may be very useful for the multicriteria 

decision making because they give an insight on what the range if possible options can be. 

However, their determination for a higher number of criteria is not easy (cf. Ehrgott and 

Tenfelde-Podehl, 2003). 
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Figure 2. Examples of solutions in a bi-objective space 

 

For illustration of the above concepts, let us examine the example of a bi-objective space 

𝑓(𝑥) = (𝑓1(𝑥), 𝑓2(𝑥)) shown in Figure 2. We assume the maximization problem. The set 

of feasible solutions is shown as the shaded area, and the set of nondominated options (the 

Pareto front) is the boundary between the points 𝑃1 and 𝑃2 of the feasible space. Options 1 

and 2 are nondominated. Option 3 is not nondominated as Option 2 has simultaneously 

higher values for both objectives.  

In Figure 3 we show the ideal and anti-ideal (or nadir) points, 𝐼 and 𝐴, respectively, 

for our example. 
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Figure 3. The ideal and anti-ideal (nadir) point in a bi-objective space 

 

This very short account of some basic concepts related to the MCDM is sufficient for our 

purposes, that is, for the presentation of our new approach that uses the TOPSIS method. 

 

3.3.2.  The TOPSIS method 

TOPSIS is one of the classical method for solving multicriteria decision making (MCDM) 

problems that has already been successfully implemented and applied to solve many 

problems, cf. Liang (1999), Kuo, Tzeng and Huang (2007), to just name a few. 

Moreover, this technique is very suitable for solving the group decision making problems 

under fuzzy environment. It is generally based on a very natural and intuitively appealing 

idea that the option (solution) chosen should have the shortest distance from the ideal 

option (solution) and the farthest from the anti-ideal option (solution). We apply the 

TOPSIS procedure to provide some additional information about the process that help the 

moderator to control the decision making session according. The strategy of moderator’s 

actions based on the “basic principle” of  the TOPSIS method (cf. Opricovic and Tzeng, 

2004) is: 
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Step 1. Determine the ideal and anti-ideal agent 

Generally, in group decision making problems, the ideal point and anti-ideal point 

represents the best possible and the worst possible result, respectively. A simple and 

intuitively appealing reasoning, in the context of our additional indicators (18) – (22), can 

be as follows. We assume as the ideal agent is the one whose testimonies (preferences over 

the set of options) are in the highest possible agreement with those of other agents. That 

is, a natural choice can here be that this agent, 𝑒𝑚 ∈ 𝐸, for whom the 𝑃𝐶𝐷(𝑒𝑚) indicator, 

i.e. the truth value (19) of “Preferences of agent 𝑒𝑚 as to the Q1 (e.g., most) pairs of options 

are in agreement with the preferences of Q2 (e.g., most) agents” is the highest. Such an agent 

would usually best contribute to the consensus, as he or she has the highest agreement with 

the group with respect to the testimonies.  

On the other hand, since the very definition of the 𝑃𝐶𝐷(𝑒𝑚) does not exclude some 

differences of the particular agent’s testimonies with other members of the group, in the 

consensus reaching process there may occur some changes of testimonies, including those 

of the ideal agent defined as above, but one can naturally expect that – since that agent’s 

testimonies are the closest to other members of the group – the number of those changes 

will be and therefore the cost of them will be the lowest among all agents. 

And, analogously, an agent with the minimum value of the 𝑃𝐶𝐷(𝑒𝑚) indicator is assumed 

to be an anti-ideal agent as the degree of truth of the statement “his or her preferences as 

to the Q1 (e.g., most) pairs of options are in agreement with the preferences of Q2 (e.g., 

most) agents” is the lowest. Therefore, to arrive at a consensus (or, more generally, a better 

agreement with the entire group) more changes of preferences are needed and the 

corresponding cost is higher. 

Formally, the ideal and anti-ideal agents, denoted by 𝑒𝑚∗ ∈ 𝐸 and 𝑒𝑚− ∈ 𝐸, respectively, 

can be therefore written as: 

 

𝑒𝑚∗ ≔ argmax
𝑒𝑚∈𝐸

(𝑃𝐶𝐷(𝑒𝑚))    (32) 

𝑒𝑚− ≔ argmin
𝑒𝑚∈𝐸

(𝑃𝐶𝐷(𝑒𝑚))    (33) 
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Then, the individual fuzzy preference relation matrices of the ideal agent, 𝑒𝑚∗, and the anti-

ideal agent, 𝑒𝑚− , are denoted as [𝑟𝑖𝑗
∗ ], and [𝑟𝑖𝑗

−], respectively. Obviously, that most/least 

consensory agent can be either real or artificial, i.e. a non-existent one whose testimonies 

are just determined.  

The above reasoning was performed at the level of agents, using the 𝑃𝐶𝐷(𝑒𝑚) indicator 

(19). Now, we will show how to employ the other calculations. 

A plausible approach might here be as follows. Having found the ideal and anti-ideal agent, 

we should make a further step since the testimonies of the agents may differ from those of 

the ideal and anti-ideal agent. Namely, we should find options to be presented by the 

moderator to the group of agents in question which should be most effective and efficient 

in terms of a possible increase of the degree of consensus. It is possible to present to each 

agent a different option such that his or her testimonies (preferences) with respect to that 

option should be individually changed. But it is easy to imagine that this may be not 

efficient enough and it would be better to determine such an option from the point of view 

of the whole group. To finds such an option that would be a promising direction of the 

direction of agent’s testimonies, we implement the next step based on the TOPSIS method, 

namely: 

Step 2. Calculate the separation measures 

For each agent 𝑒𝑚, 𝑚 = 1,… ,𝑀, and each option, 𝑠𝑖 , 𝑖 = 1,… ,𝑁, we calculate the 

distance of the agent’s fuzzy preference matrix [𝑟𝑖𝑗
𝑚] from, first, that of the ideal agent [𝑟𝑖𝑗

∗ ], 

and second, from that of the anti-ideal agent [𝑟𝑖𝑗
−]. That is, by using for simplicity the 

Euclidean distance, we compute for the ideal agent and for all agents 𝑒𝑚 ∈ 𝐸 and all 

options 𝑠𝑖 ∈ 𝑆: 

 

𝑑𝑠𝑖
∗ (𝑒𝑚) = √∑ (𝑟𝑖𝑗

𝑚 − 𝑟𝑖𝑗
∗ )𝑁

𝑗=1,𝑗≠𝑖
2
  (34) 

 

and then for each option 𝑠𝑖 ∈ 𝑆 we obtain: 

 

𝑑𝑠𝑖
∗ =

1

𝑀
∑ 𝑑𝑠𝑖

∗ (𝑒𝑚)
𝑀
𝑚=1     (35) 
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And, similarly, we compute for the anti-ideal agent, and for all agents 𝑒𝑚 ∈ 𝐸 and all 

options 𝑠𝑖 ∈ 𝑆 : 

 

𝑑𝑠𝑖
−(𝑒𝑚) = √∑ (𝑟𝑖𝑗

𝑚 − 𝑟𝑖𝑗
−)𝑁

𝑗=1,𝑗≠𝑖
2
   (36) 

 

and: 

 

𝑑𝑠𝑖
− =

1

𝑀
∑ 𝑑𝑠𝑖

−(𝑒𝑚)
𝑀
𝑚=1    (37) 

 

Finally, following the idea of the TOPSIS method, we compute, for each option 𝑠𝑖, with 

respect to the ideal agent, 𝑒𝑚
∗ , and the anti-ideal agent,𝑒𝑚

− : 

 

𝐶𝑠𝑖
∗ =

𝑑𝑠𝑖
−

𝑑𝑠𝑖
∗ +𝑑𝑠𝑖

− ; 𝑖 = 1,… ,𝑁   (38) 

 

which is the aggregation of the “closeness to the ideal” and “farness from the anti-ideal”.  

Therefore, if option 𝑠𝑖 is the ideal option, in the sense that for it (38) takes on the highest 

value, and is denoted as 𝑠𝑖
∗, then 𝐶𝑠𝑖

∗ = 1, while if 𝑠𝑖
− is the anti- ideal option, in the sense 

that for it (38) takes on the lowest value, then 𝐶𝑠𝑖
∗ = 0. Therefore, the closer the value of 

𝐶𝑠𝑖
∗  to 1, the closer option 𝑠𝑖 to the ideal option 𝑠𝑖

∗, which might yields the goodness of 

option 𝑠𝑖 as a candidate for proposing it to the whole group for possibly changing its 

preferences of other options with respect to 𝑠𝑖 so that the particular agents could get closer 

in their preferences to the ideal agent, and hence possibly increasing the consensus degree. 

The higher the value of 𝐶𝑠𝑖
∗ , the better candidate for the discussion 𝑠𝑖 is.  
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Rules of recommendation 

1. Choose the ideal and anti-ideal agent according to Step 1 given above. 

2. Select an ideal option with respect to Step 2 given above. 

3. Suggest the anti-ideal agent from Step 1 to change his/her testimony with respect to 

the option selected in Step 2. New values should be the same as those represented by 

ideal agent determined in Step 1. What matters here is that the suggested change of 

evaluation aims at minimizing the distance between agents and leading the group 

closer to the consensus. 

 

3.3.3. Numerical results 

We will now solve an illustrative example given in Gołuńska, Kacprzyk and Zadrożny 

(2014a). We have a group of 5 agents and 4 options considered, and their initial individual 

fuzzy preference relations matrices (the irrelevant left lower triangles are omitted as the 

reciprocity of the preference relations is assumed) are:  
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The degree of the sufficient consensus (11), with 𝑄1 = 𝑄2 = "𝑚𝑜𝑠𝑡" given by (2), and 

with 𝛼 = 0.8 is: 

 

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.43 

 

This value is considered too low to be acceptable, thus to obtain a higher value of 

agreement we resort to the method proposed in the Subsection 3.3.2.  

What matters here is that we present and successfully apply two versions of the proposed 

model of consensus reaching process. First, an ideal agent corresponds to a feasible agent 

(one agent from the group). Secondly, an ideal agent is a non-existent (artificial) one. 

 

 The case of an existing feasible ideal agent 

We assume that the ideal agent corresponds to the agent with the highest value of the 

𝑃𝐶𝐷(𝑒𝑚), (19) indicator. The values of 𝑃𝐶𝐷(𝑒𝑚), 𝑚 = 1,2, … ,5, for the particular agents, 

are shown rank ordered in Table XXVI. It can be seen that agent 𝑒5 is the ideal agent 

because he/she has the highest 𝑃𝐶𝐷(𝑒𝑚) value, while agent 𝑒4 is the anti-ideal one because 

he/she has the lowest 𝑃𝐶𝐷(𝑒𝑚) value. Thus, we can denote these agents as 𝑒5
∗ and 𝑒4

−. 

TABLE XXVI. VALUES OF 𝑃𝐶𝐷(𝑒𝑚) FOR EACH AGENT 

  

𝑷𝑪𝑫(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑷𝑪𝑫(𝒆𝟓) 0.8 

𝑷𝑪𝑫(𝒆𝟏) 0.6 

𝑷𝑪𝑫(𝒆𝟐) 0.5 

𝑷𝑪𝑫(𝒆𝟑) 0.2 

𝑷𝑪𝑫(𝒆𝟒) 0 

 

 

Now, we consider the options, and obtain the values of 𝐶𝑠𝑖
∗ , 𝑖 = 1,2, … ,4, as given in Table 

XXVII, due to (38). Option 𝑠1 is therefore the best one, and option 𝑠4 is the worst one. 

 



  71 

TABLE XXVII. RELATIVE CLOSENESS OF EACH OPTION TO THE IDEAL AGENT’S 

TESTIMONY 

 

𝑪𝒔𝒊
∗  𝑽𝒂𝒍𝒖𝒆 

𝑪𝒔𝟏
∗  0.62 

𝑪𝒔𝟑
∗  0.58 

𝑪𝒔𝟐
∗  0.57 

𝑪𝒔𝟒
∗  0.55 

 

The moderator suggests that the testimonies of agent 𝑒4
− should be changed to be equal to 

the preferences expressed by the ideal agent 𝑒5
∗. The potential direction of this changes 

should be the ideal option 𝑠1
∗ as indicated above. Hence: 

 

𝑟13
− = 0.5 → 0.8 (↑ 0.3) 

𝑟14
− = 1.0 → 0.9 (↓ 0.1) 

𝑟14
3 = 0.6 → 0.9 (↑ 0.3) 

 

There are 7 changes needed, i.e. it costs 7 cost units (as in the whole work, when the 

particular fuzzy preference is changed by 0.1, it is assumed to be 1 point of cost). 

The newly obtained degree of sufficient consensus (11) is now equal to: 

 

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.88 

 

and suppose that it is still considered not high enough and the second round is run as before. 

Table XXVIII shows that in the second iteration, agent 𝑒3 is the ideal agent (𝑒3
∗), while 

agent 𝑒4 is still the anti-ideal one (𝑒4
−). 
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TABLE XXVIII. VALUES OF 𝑃𝐶𝐷(𝑒𝑚) FOR EACH AGENT  

 

𝑷𝑪𝑫(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑷𝑪𝑫(𝒆𝟑) 1 

𝑷𝑪𝑫(𝒆𝟏) 0.97 

𝑷𝑪𝑫(𝒆𝟓) 0.97 

𝑷𝑪𝑫(𝒆𝟐) 0.80 

𝑷𝑪𝑫(𝒆𝟒) 0.67 

 

Then, the small modifications of new relative closeness of each option to the ideal agent’s 

testimony (38) indicates option 𝑠2 as the one which should be used now. Because of a high 

degree of consensus the moderator starts to persuade now the anti-ideal agent 𝑒4
− to change 

his preferences concerning the ideal option 𝑠2
∗. The new values of his/her testimonies 

should be the same as those expressed by the ideal agent 𝑒3
∗.  

It turns out that the small change in the anti-ideal agent’s testimonies: 

 

𝑟23
− = 0.0 → 0.4 (↑ 0.4) 

 

(with the cost equals 4) causes the acceptable value of the group consensus degree, which 

is now: 

 

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.93 

 

The total cost of changes is equal to 11. 

The group decision solution, the 𝑓𝑢𝑧𝑧𝑦𝑄 − 𝑐𝑜𝑟𝑒 (17), is now: 

 

𝜇𝐶𝑄(𝑠1) = 1 

𝜇𝐶𝑄(𝑠3) = 0.2 

𝜇𝐶𝑄(𝑠2) = 0 

𝜇𝐶𝑄(𝑠4) = 0 
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Notice that option 𝑠1 is definitively pointed out as the best choice of the group. 

 

 The case of a non-existing ideal agent 

In this case the system generates an artificial, non-existing “really” ideal agent, 𝑒6
∗, who is 

beyond the group of real agents but his/her value of the 𝑃𝐶𝐷(𝑒𝑚) indicator (19) is equal 1. 

Again, we have a group of 5 agents and 4 options considered, and their initial individual 

fuzzy preference relations matrices are still:  
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Moreover, the individual fuzzy preference relation matrix of a non-existent ideal agent is 

now: 
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The values of 𝑃𝐶𝐷(𝑒𝑚), 𝑚 = 1,2,… ,6, (19), for the particular agents, are shown rank 

ordered in Table XXIX. 

 

 

TABLE XXIX. VALUES OF 𝑃𝐶𝐷(𝑒𝑚) FOR EACH AGENT 

 

𝑷𝑪𝑫(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑷𝑪𝑫(𝒆𝟔) 1 

𝑷𝑪𝑫(𝒆𝟓) 0.92 

𝑷𝑪𝑫(𝒆𝟏) 0.68 

𝑷𝑪𝑫(𝒆𝟐) 0.44 

𝑷𝑪𝑫(𝒆𝟑) 0.44 

𝑷𝑪𝑫(𝒆𝟒) 0.28 

 

 

The new values of 𝐶𝑠𝑖
∗ , 𝑖 = 1,2, … ,4, are given below: 

 

TABLE XXX. RELATIVE CLOSENESS OF EACH OPTION TO THE IDEAL AGENT’S TESTIMONY 

𝑪𝒔𝒊
∗  𝑽𝒂𝒍𝒖𝒆 

𝑪𝒔𝟒
∗  0.58 

𝑪𝒔𝟏
∗  0.55 

𝑪𝒔𝟑
∗  0.54 

𝑪𝒔𝟐
∗  0.51 

 

The moderator starts his persuasion from the agents with the lowest degree of  the 

𝑃𝐶𝐷(𝑒𝑚), indicator, namely agent 𝑒4
−, as to the ideal option 𝑠4

∗. The new values should be 

the same as those represented by the ideal agent 𝑒6
∗. 
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𝑟14
− = 1.0 → 0.8 (↓ 0.2) 

𝑟24
− = 0.4 → 0.5 (↑ 0.1) 

𝑟34
− = 1.0 → 0.5 (↓ 0.5) 

 

These 8 changes in agent’s 𝑒4
−, individual fuzzy preference relation matrix provide the 

acceptable value of the degree of consensus, namely: 

 

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.9 

 

which is definitively viewed as satisfactory and the session can end. 

3.3.4. Concluding remarks on the numerical example 

Our task has been to develop and enhance the discussion part of the process by providing 

the moderator with a specific knowledge about the group members during the session. 

Briefly speaking, we have facilitated the work of the moderator by providing him or her 

with some useful guidelines and additional indicators and, as a result, making the 

consensus reaching process easier and faster to run. 

Obviously, the main purpose has been to obtain the best increase either in the degree of 

consensus or in the speed of its reaching. Thus, we have provided the moderator with 

a specific higher-level information about the group members during the consensus 

reaching session by using novel synergistic combination of the ideal and anti-ideal point 

(agents and options) which are used in the TOPSIS method based procedure. 

Moreover, we have determined two variations of the proposed method, namely the one 

with an existing ideal agent (one of the existing agents with the highest value of the 

𝑃𝐶𝐷(𝑒𝑚), indicator), and the other (when none of the “real” agents represent the 

consistency with other agent’s testimonies by the 𝑃𝐶𝐷(𝑒𝑚) = 1), with an artificial ideal 

agent (a non-existent agent for whom the value of the 𝑃𝐶𝐷(𝑒𝑚), indicator equals 1).  

A comparison of results for the feasible and non-existent ideal agent obtained in the 

numerical experiment considered, is presented in Table XXXI. 
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TABLE XXXI. A COMPARISON OF RESULTS FOR THE FEASIBLE AND NON-EXISTENT IDEAL 

AGENT 

 

 
𝑭𝒆𝒂𝒔𝒊𝒃𝒍𝒆 

𝒊𝒅𝒆𝒂𝒍𝒂𝒈𝒆𝒏𝒕 
𝑵𝒐𝒏 − 𝒆𝒙𝒊𝒔𝒕𝒆𝒏𝒕 
𝒊𝒅𝒆𝒂𝒍𝒂𝒈𝒆𝒏𝒕 

𝑰𝒏𝒊𝒕𝒊𝒂𝒍𝒅𝒆𝒈𝒓𝒆𝒆𝒐𝒇𝒄𝒐𝒏𝒔𝒆𝒏𝒔𝒖𝒔 0.43 0.43 

𝑭𝒊𝒏𝒂𝒍𝒅𝒆𝒈𝒓𝒆𝒆𝒐𝒇𝒄𝒐𝒏𝒔𝒆𝒏𝒔𝒖𝒔 0.93 0.90 

𝑵𝒖𝒎𝒃𝒆𝒓𝒐𝒇𝒓𝒐𝒖𝒏𝒅𝒔 2 1 

𝑻𝒐𝒕𝒂𝒍𝒄𝒐𝒔𝒕 11 9 

 

As it can be seen, the use of the concept of an ideal and anti-ideal agent and option can 

considerably help attain a higher value of consensus by better supporting the moderator. 

In both cases, the results are promising in terms of both the value of the consensus degree 

obtained or the speed and cost of attaining that value, i.e. the number of necessary changes 

of preferences of the agents. 

 

  



  77 

Chapter 4 

The idea of fairness in the support of the 

consensus reaching process 

 

In the group decision making models presented in the previous chapter, the main goal has 

been to reach a consensus and the main element of the consensus reaching process was 

a discussion between the moderator and agents, and between agents themselves, with an 

exchange of information and knowledge, argumentations and beliefs of agents involved. 

We have adopted some novel data mining tools to provide the moderator with additional 

information that might be useful for him to more efficiently and effectively run the 

consensus reaching session, i.e. to stimulate and support the above mentioned discussion. 

By illustrating the proposed consensus reaching models on some intuitively appealing 

practical examples, we have shown how some advice and suggestions to some reasonably 

chosen agents and options can yield good in the sense of the improvement of the degree of 

consensus within a short time period.   

However, during each of our illustrative examples of group decision making process, there 

have always been “outsiders” who have been (too) isolated in their opinions with respect 

to the rest of the group. For instance, if we look one more time on the models from the 

previous sections, but now looking somehow deeper into the essence of the agent’s 

testimonies, and trying to imagine intensions, needs, emotions, feelings, etc. of the agents 

involved, we can reach considerably different conclusions. All the additional hints, 

suggestions, etc. provided by the tools mentioned in the efficiency oriented strategy, reflect 

a greedy type attitude in the sense that they basically suggest which agents should be 

persuaded to change their testimonies to best increase the degree of consensus. Hence, an 

optimistic attitude (cf. Subsection 3.2.1) in which the consensus is reached only by working 

with, and dealing with the testimonies of agents who are similar in their testimonies might 

be viewed to be parallel to the famous “tyranny of the majority”, the concept which has 

been used for centuries in the analysis of systems of democracy and the majority rule. 

Basically, in its scenario a majority places its own interests above those of a minority 

group. This can sometimes imply oppression or even penalization of some lees fortunate 

and numerous ethnic, religious, racial, etc. groups by the “legitimate” majority. This 

problem has been discussed in the literature for a long time, and some information can be 

found in, e.g., Mata, Martinez and Herrera-Viedma (2009). In our context, this tyranny of 
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the majority basically boils down to the fact that “outsiders”, i.e. the agents whose 

preferences differ too much from those of most agents, and can be non-promising in the 

sense that their change can bring about a high increase in the value of the degree of 

consensus, are omitted in the consensus building process, and hence – due to a sheer 

specifics of the human nature – do not get any satisfaction from the discussion. This can 

clearly negatively affect the effectiveness of the whole group of agents in the consensus 

reaching process. Of course, this need not imply an impossibility to reach a group decision 

but, through a limited involvement of some of the agents in the group, can have harmful 

effects on, for instance, the implementation of the results obtained since some agents are 

put aside, and even can considerably jeopardize the functioning, and even the survival, of 

such a group of agents.  

On the other extreme, the pessimistic attitude (cf. Subsection 3.2.1) reflects an approach 

in which some people (in this case the “outsiders”) are forced to change a lot (maybe too 

much) in their preferences while others are not. And, as we can remember, the “cost of 

changes” is a very important criterion in our analysis as the human beings are usually not 

happy with, and willing to change their initial preferences.  

It is worth noting that a decision that is brilliant in the sense that it has been obtained by 

well developed and advanced formal means, but does not follow what is known from 

sociology, psychology, cognitive sciences, etc., can be not implementable. Only decisions 

that are implementable, and even implementable with consent and even enthusiasm by the 

agents involved, will work in the way they are intended to, cf. Verma (2009). A natural 

conclusion is that we would rather avoid situations in which a small group of outsiders is 

isolated and their opinions are not taken into account in the consensus reaching, and then 

in its related group decision making process.  

Therefore, the efficiency-oriented direction that has dominated our analyses in Chapter 3, 

cannot be the only way of approaching the group decision making and consensus reaching 

problems since their underlying area of decision theory is an interdisciplinary domain 

which combines research results from many disciplines exemplified by psychology, 

sociology, economics, philosophy, political science, etc. Basically, we should depart from 

a strictly efficiency focused philosophy which has dominated the previous chapters of this 

dissertation towards more fairness focused philosophy which will be presented in the next 

chapters of this dissertation. 
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4.1. A need of fairness in group decision making 

The concept of fairness, which will be employed in our analyses, has much deeper roots in 

many fields of science. First of all, in economics, it is related to the so called equity or 

economic equality which basically refers to equal opportunities and life chances no matter 

from which part of the society class, social group, etc. an individual (group of individuals) 

comes. In consequence, all citizens should be provided with some basic income, goods, 

and services, while obviously having an opportunity to attain more depending, for instance, 

on their entrepreneurial abilities, capabilities, hard work, etc. One should notice that such 

a “fair” equity may be viewed as the counterpart of economic inequality by providing a god 

and just distributions of wealth. It has been studied in experimental economics as inequity 

aversion. A natural question is what the difference between the equity ad fairness is. We 

will not discuss this in more detail and refer the reader to some analyses, mostly in the 

economic literature, exemplified by the well-known paper by Kahneman, Knetsch and 

Thaler (1986) or Zajac’s (1996) book. Basically, it can be said that equity is about fairness. 

It epitomizes a belief that people should have some things to fulfill basic needs, and access 

to basic goods and services, and that inequality between members of the society should not 

be too large. Therefore, equity implies a need for fairness (but not necessarily equality!) in 

the distribution of gains and losses. Notice that the very idea of equity, which for our 

purposes will be equivalent to (the need for) fairness, closely parallels our line of reasoning 

in the accounting for testimonies of particular agents in the consensus reaching process. 

In general, the concept of equity has been the subject of intensive research, and has been 

applied in many areas, for instance in more fundamental works on economics (cf. 

Kahneman, Knetsch and Thaler, 1986a; Zajac, 1996; Fennell and McAdams, 2014), law 

(cf. Fennel and McAdams, 2014), psychology and behavioral economics (cf. Camerer, 

2003; Kahneman, Knetsch and Thaler, 1986a; Rabin, 1993, 1998, 2002, 2013a, 2013b), 

and even some formal approaches to fairness (cf. Fehr and Schimdt, 1999) and fair resource 

allocation (cf. Luss, 2012), etc.  to just name a few. The above mentioned Rabin’s works 

are of a particular interest to us because they explicitly show how to use results of 

psychological research in economics, including aspects related to equity (fairness). Among 

the most recent approaches, some elements of equity (fairness) are analyzed in the context 

of neuroeconomics (cf. Camerer, 2003;  Camerer, Loewenstein and Prelec, 2005; 

Kacprzyk, 2006; Zak, 2004).  

Basically, as opposed to traditional mathematical approaches of a normative or 

prescriptive character, virtually all those social and brain science related approaches are 

rather concerned with descriptive aspects. They study how agents make decisions, and 

https://www.wikiwand.com/en/Equal_opportunity
https://www.wikiwand.com/en/Economic_inequality
https://www.wikiwand.com/en/Experimental_economics
https://www.wikiwand.com/en/Inequity_aversion
https://www.wikiwand.com/en/Inequity_aversion
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which mechanisms they employ. For instance, many psychological studies have shown 

that people are not as selfish and greedy as the solutions obtained using traditional tools of 

decision analysis or rational choice may suggest (the “traditionally rational” decision 

making means that an agent makes decision which is the best for him/her without taking 

into account interests, intentions, concerns, etc. of other agents). Experiments have shown 

that agents (individuals) tend to cooperate and give priority to a fair over greedy behavior.  

For instance, this occurs in well known examples, which concern one move bargaining 

situations, first, in the so called trust game the essence of which can be summarized as 

follows (cf. Kacprzyk, 2006): 

In the trust game, A has an initial amount of money he or she could either keep 

or transfer to B. If A transfers it, the sum is tripled. B could keep this amount, 

or transfer it (partially or totally) to A. Traditional game theory suggests that 

A should keep everything, or if A transfers any amount to B, then B should 

keep all. Experimental studies have revealed that agents tend to transfer about 

50% of their money (cf. Camerer, 2003) and this fairness and cooperation is 

related to all cultures, sexes, etc. 

And, second, in the so called ultimatum game which can be summarized as (cf. Guth, 

Schmittberger and Schwarze, 1982): 

There is a proposer, A, possessing, e.g. USD 100 who makes an offer to 

a responder, B, as to how much money to give him/her. B can either accept it 

or not. If B accepts the offer of A, B keeps the amount offered and A keeps the 

rest. If B rejects it, both A and B receive nothing. 

According to traditional game theory, rational agents should proceed as follows: 

Agent A should offer the smallest possible amount (say USD 1), and agent B 

should accept any amount just to have anything which is clearly better than 

nothing. 

Fortunately, this is not the solution adopted by human agents in real life situations. As 

shown in many experiments (cf. Camerer, 2003;  Camerer, Loewenstein and Prelec, 2005; 

Kacprzyk, 2006; Zak, 2004), people basically prefer fair offers. Usually, proposers tend to 

offer about 50% of the amount, and responders tend to accept these offers, rejecting most 

of unfair offers, shown to be less than about 20%. This is quite an universal attitude, not 

depending on age sex, nationality, etc. Therefore, agents are likely to cooperate and to 

approve fairness over a greedy behavior. 
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4.1.1. Neuroeconomics 

In recent years, much research effort has occurred in a deeper analyses of decision making 

processes, including all kinds of group decision processes, by using some new ideas that 

come from brain research. This new field is called neuroeconomics and seems to be able 

to open new perspectives and vistas (cf. Camerer, 2003;  Camerer, Loewenstein and  

Prelec, 2005; Kacprzyk, 2006; Zak, 2004). Obviously, that externally visible behavior in 

the sense of viewing what decisions people make (like in the two examples of one move 

games presented above) is just an implication or consequence of some more general mental 

processes that happen in the brain. This is the motivation and very essence of 

neuroeconomics initiated in the beginning of the 2000s by, e.g., Glimcher (2003), McCabe 

(2005), Zak (2004), Camerer (2005), Kenning (2005), at the MIT, Caltech, George Mason 

University, Duke University, University of California, Berkeley, etc. 

By looking deeply into brain processes while investigating decision making, and 

identifying neural structures involved in the decision making related behavior, we can 

discover what is happening in a specific areas of the brain when an agents performs 

a specific task. This obviously requires novel tools and techniques exemplified by brain 

imaging, electrical brain stimulation, psychopathology and brain damage analysis, 

psychophysical measurements, etc. 

For example, neuroeconomics explain why human agents reveal loss aversion. It is an 

“interaction of neural structures in the brain which are involved in the anticipation, 

registration and computation of the hedonic influence of a risky decision” (cf. Kacprzyk, 

2008). And, in we continue looking through other investigations (cf. Tversky and 

Kahneman, 1991), then we can see that one of the most important phenomenon, which is 

also linked to neuroeconomics, concerns the decision utility which is linked with gains and 

losses. Results show that this realized by the dopaminergic systems, i.e. neurons which 

make and release a neurotransmitter called dopamine. This system is directly related to the 

pleasure response and motivation. The paradigm of neuroeconomics suggests that 

a strategic decision making is an affective activity. For instance, when agent playing the 

ultimatum game receive an unfair offer, the anterior insula responsible for emotional 

experience, like fear, or happiness, is activated. 

One can mention numerous similar results from neuroeconomics (cf. Kacprzyk, 2006). In 

general, they all have implied a new model of a decision maker, the so called homo 

neuroeconomicus, i.e. a fast decision maker who relies more on faster but less accurate 

emotions, and less on slower and more detailed logic and rationality (cf. Kacprzyk, 2008) 
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which is in a sharp contrast to the traditional homo economicus models in which the 

decision maker is a greedy, slow and deliberative agent who maximizes his or her utility.  

Another interesting example, which can provide a rationale for our claim of a need for 

fairness, plain the contribution of neuroeconomics to a game theory, which is based on the 

interactions between agents, i.e. a sequence of some proposals and responses, let us use an 

example of the ultimatum game from the previous Section. As we have already mentioned, 

in its traditional form it boils down to the strategy which controls the possible actions with 

their payoffs to participating agents, i.e. a strategic rationality to rejecting the unfair 

proposal. 

To sum up, all these results show that cooperation, trust and fairness are common in human 

behavior, and correspond to the activation of some areas of the brain. These human features 

might be useful by providing modern tools and new insights on decision making, including 

our topic of interest, the consensus reaching and group decision making.  

4.1.2. Some experiments with a group of students 

Group decision making is usually related to the current state of emotions pervading the 

group of people (human agents in our terminology) whose task is, in our context, to reach 

consensus. Since, most of the human behavior have not been fully formalized 

mathematically yet (in the sense of mathematical models), we follow here a behavioral 

perspective, i.e. the examination how a groups of students behaves while solving some 

task. We will try to get more insight in such a way on how social mechanism in that group 

proceed, hoping that we will be able to use them in our work on the group decision support 

system. Our main concern will be the investigation of whether, or which part of the group’s 

behavior reflects a fair attitude or not. 

We carried out an investigation of two groups of students, performed in collaboration with 

Ms. Małgorzata Hołda from the Cracow University of Technology. Our analysis of group 

behavior, consisting of 14 and 12 members respectively (group A and B – in both groups 

students of the third year at the Department of Automatic Control and Information 

Technology, Faculty of Electrical and Computer Engineering, Cracow University of 

Technology) has made it possible to draw the following conclusions (cf. Gołuńska and 

Hołda, 2013).  

It was noticeable that if at least some people in a group cared about equity, then 

a consensus was reached more quickly and the decision making process became smoother. 

The second of the analyzed groups (B) showed a slightly more consensus prone attitude. 
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The distinctions between the viewpoints of the individual agents and subgroups were not 

so sharp as in group A.  

The major factor, which implied the reaching of consensus in a smoother and quicker way 

in group B than in group A, was a lower state of psychological agitation characteristic of 

group B, and a calmer, less aggressive level of communication. In its major part, group B 

consisted of agents with much less individualized personalities, and a better developed 

sense of cooperation resulting in a subsequent faster implementation of the final decision. 

Students in a group B usually exerted a much more open attitude to the preferences of other 

individuals, and were less likely to fall prey to a self-serving bias. The overall mechanism 

of the functioning of this group and reaching consensus process was based on a very 

conspicuous supportive system of the presentation of ideas and a skillful presentation of 

carefully selected arguments.  

Generally speaking, most of the members of group B showed a relatively high level of 

emotional intelligence allowing to analyze almost emotionlessly arguments stated by their 

opponents. What was also well observable was the fact that some members of  group B 

exerted a strong positive influence on the entire group by exhibiting good diplomatic and 

negotiation skills. Two of the agents in this group were extremely flexible in swift changes 

of their communication strategies used to inspire other members of the group to share the 

most exposed and most successfully supported opinion.  

The explanations for the behavioral patterns in this group can be supported by some 

elements of cooperative game theory which is virtually a game in which players can 

enforce fair behavior. Cooperative game theory is connected with the distribution of 

benefits that a group of agents achieves from cooperation. The model assumes that the 

group of agents wishes to solve a common problem and by cooperating they can solve the 

problem more effectively and efficiently (cf. Wierzbicki, 2010). In fact, research in 

psychology has shown that in group situations, decisions of agents are influenced by 

motives such as group performance, sense of responsibility for others, or social concerns 

(cf. Wierzbicki, 2010).  

It is also worth noticing that a greater level of fairness and a more successful achievement 

of goals in a decision making process were attributed to some characteristics of the 

observed groups such as: an eagerness to learn the actual differences between their own 

testimonies and those of the opponents, and an ability to eliminate such testimonies which 

were impeding agreement the most. The openness and the markedly interactive character 

of the group relations proved to be the core of success.  
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By comparison, the first group of students (group A) which practically blocked the 

consensus reaching process, was characterized very often by an overall unwillingness to 

come to a satisfactory solution for all of the members, and an insistence on particular 

interests of its mini groups (subgroups), or students within the group.  

The mini groups were very assertive in expressing their testimonies and often ignorant of 

the testimonies of opponents. Sticking to the proclaimed testimonies and not being open 

to the proposals of others, especially those which were very different ended up in an 

impasse of discussion and an impossibility of reaching an agreement.  

Quite frequent was the situation in which some decision makers showed a total disregard 

for the testimonies of their opponents, closing themselves in a very limited mind 

framework. Some of the members of the group were left on the margin and could not feel 

the satisfaction, ensuing from discussion. This, in turn, brought about a lower effectiveness 

of the consensus reaching process.  

All in all, the image of the group was negative, and there were many lost opportunities in 

the attainment of consensus. In other words, the creativity in reaching satisfactory 

agreement was decreased, which was not an optimistic forecast. We might assume that the 

diminished level of the coherence and creative unity of the group would not lead in the 

long run to an expected consensus, as well as a very much needed implementation of the 

possible solutions.  

It cannot go unnoticed that the entire context of coming to an agreement is fundamentally 

a situational, contextual, and psychological phenomenon. Such factors as cultural 

unification or cultural clashes, and – much in the same spirit –  economic differences or 

similar economic status may be of significance in the consensus reaching process. These 

elements may have an influence on whether the more egoistically oriented people or the 

more fair prone ones overbalance the process of reaching an agreement.  

The economic element of a group consensus reaching process was thoroughly examined 

in the literature, for instance, by Fehr and Schmidt (1999), but in our analyses we rather 

focus on other elements of the situational context such as, for instance, persuasive and 

manipulative capabilities of the group members.  
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Thus, our observations have indicated that a fair prone group has been characterized by 

following characteristics: 

 

• a highly developed sense of cooperation,  

• a better sense of responsibility for other group members, 

• eagerness to learn actual differences between opinions, 

• a tendency to eliminate opinions which impede obtaining an agreement. 

 

On the other hand, a self-centered group has been characterized by some more complex 

characteristics, namely: 

 

• a tendency to ignore opinions of the opponents, 

• not sufficient open-mindedness to proposals, 

• a tendency to remain in a very limited mind framework, 

• blocking consensus achievement. 

Thus, our investigations have revealed that in the real life group decision making, and the 

consensus reaching process, fairness has proved to be the core for a more successful goal 

achievement. 

 

4.2. A new fairness based consensus reaching model 

In Section 4.1. we have presented a very general and comprehensive perspective on equity 

and fairness, with the roots, approaches, challenges, etc. In this chapter we will use the 

general lines of reasoning, some settings and approaches which have been presented in 

Section 4.1, but here will be slightly reformulated and put in another perspective to meet 

our specific means, that is, a novel idea of a fairness based consensus reaching model, with 

emphasis on formal, mathematical approaches which are obviously inspired by results of 

economic, social, psychological, cognitive, etc. sciences. 

Generally, fairness is here understood as an equality in treatment (here in the sense of 

taking into account testimonies of each particular agent), availability of resources and 

opportunities, etc. and has become an essential element of many new agent based 

computational models the essence of which is to properly model, even “mimic” a real 

behavior of humans and their groups. As we have already mentioned, fairness is a highly 

complex concept, and its representation and then use in mathematical modeling and 
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solution of various processes and systems needs results from various fields exemplified by 

economics, philosophy, sociology, decision sciences, cognitive sciences, but also 

mathematics, operations research, computer sciences, etc. 

In our research, we consider mainly one type of fairness identified by social psychologists 

(cf. Tyler and Smith, 1998), namely the so called distributive fairness. It is usually related 

to the distribution of resources, notably goods or costs, but also services, opportunities, 

etc. The aim of distributive fairness is to find such a distribution of resources, that is 

perceived as fair by the agents involved.  

This problem can be formulated as a resource allocation problem, as proposed in the works 

of Ogryczak (2003, 2007, 2008), which is concerned with the distribution of constrained 

(scarce) resources among competing activities or users. While allocating resources to attain 

the best general functioning of the system (i.e. to maximize the system efficiency), the aim 

is also to ensure a fair treatment of all activities or users by a fair distribution of resources 

(cf. Luss, 2012, for the presentation of various models and solution techniques).  

In the context of our interest in this work, that is, the modeling of consensus reaching, and 

its support, we assume that the problem of how to include fairness into this kind of models 

boils down to the formulation and solution of a resource allocation problem in which the 

resources are meant to be changes of testimonies (preferences), the costs are defined by 

some functions which are basically meant as follows: the higher the suggested change, the 

higher the cost to the particular agent. Therefore, the problem is how to distribute the 

resources (i.e. how to distribute over the group of agents and options the changes of 

testimonies, equivalent to the costs, which are a sine qua non condition for any consensus 

reaching process) so that both the efficiency (that is, the changes mentioned would bring 

about the highest possible increase of the degree of consensus) and fairness (that is, the 

changes mentioned are possibly fairly, i.e. evenly distributed among the agents).  

The first and crucial question is whether one can talk about a simple unified, and possibly 

universally valid principle which could possibly solve the above difficult problem of fair 

share of costs in the consensus reaching, and its related group decision making process.  

 

Our idea of a fair share, which is an attempt to respond to the above question, is basically 

motivated by some well known examples of approaches that have appeared in various 

areas. The first motivation comes from the very essence, and formal foundations and 

justifications of the European Union Cohesion Policy (cf. Gołuńska and Kacprzyk, 2013), 

and the second from an analysis of the current trends in the development of consensus 



  87 

models, to be more specific, the so called  adaptive consensus models (cf. Herrera-Viedma, 

Cabrerizo, Kacprzyk and Pedrycz, 2014). The former provides a framework for financing 

a wide range of projects and investments in the particular member states of the European 

Union. The European Union Cohesion Policy makes various attempts to make regions 

more competitive by improving life quality, supporting economic growth, job creation, 

avoiding regional disparities, etc. The main principle therein is that a greater part of 

structural fund resources is concentrated on poorer regions and countries. This helps reduce 

regional disparities in Europe by helping those less privileged regions to catch up with the 

ones which are more privileged. This European territorial cooperation scheme clearly 

provides a fair fund allocation and solidarity among regions. Nevertheless, the history has 

shown that whenever a less-developed region grows, other regions can profit as well. After 

all, the stronger an EU member state is the stronger the entire European Union becomes. 

As a rule, a fair resource allocation greatly helps attain this goal.  

 

Our second inspiration is the adaptive consensus models the idea of which has been 

proposed by Mata, Martinez and Herrera-Viedma (2009). This intuitively appealing and 

quite effective and efficient approach adapts the number of changes required to be 

performed by the agents in each round of a consensus reaching session to the increase or 

decrease of the degree of consensus. 

 
 

4.2.1 Fair allocation of costs in discussion guidance 

To successfully implement the consensus reaching model that is fairness oriented, we need 

to employ in a synergistic way various concepts (i.e. a fair resource allocation, a fair share 

of costs, an adaptive consensus model, etc.) and modern techniques that are based on the 

use of some additional information in order to gain insight as to the structure of testimonies 

of the agents with respect to changes across the set of agents and options. Thus, we further 

develop human consistent tools and techniques in the form of linguistic summaries to get 

a better understanding of complex relations among the agents and their testimonies. 

In the efficiency oriented strategies, presented in the previous chapters, the consensus 

reaching process has been performed in such a way that necessary changes of testimonies 

have only been suggested to a small group of agents, either those who are the most isolated 

in their testimonies with respect to the rest of the group or those who are the most similar 

in their testimonies, ignoring the “outsiders”.  

http://ec.europa.eu/regional_policy/atlas2007/index_en.htm
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In our new model based on the fair allocation of costs, in each round there is always a large 

number of agents who should change their testimonies in order to make them closer, that 

is, the agents are treated more equally, i.e. in a fairer way. 

Therefore, first we need to identify those agents who should change their initial testimonies 

in order to achieve the desired agreement level. 

We follow the steps mentioned in the former sections: 

 𝐼𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑎𝑔𝑒𝑛𝑡𝑠: First we need to identify those agents who should 

change their initial testimonies in order to attain the desired agreement level: 

 

𝐴𝐺𝑁− = {𝑒𝑚 ∈ 𝐸|𝑃𝐶𝐷(𝑒𝑚) ≤ 𝛾1 ∧ 𝑅𝑇𝑂(𝑒𝑚) < 0}  (39) 

 

where 𝛾1, from 0 to 1, is the maximum consistency level required for the agents who should 

participate most in the opinion change process; 

 

𝐴𝐺𝑁+ = {𝑒𝑚 ∈ 𝐸|𝑃𝐶𝐷(𝑒𝑚) ≥ 𝛾2 ∧ 𝑅𝑇𝑂(𝑒𝑚) ≥ 0}   (40) 

 

where 𝛾2, from 0 to 1, is the minimum consistency level required for the agents whose 

testimonies would be defined as consensual ones; 

 

 𝐴𝐺𝑁𝑓 = {𝑒𝑚 ∈ 𝐸|𝛾1 < 𝑃𝑀(𝑒𝑚) < 𝛾2}    (41) 

 

where [𝛾1, 𝛾2] defines the range of medium consistency required for agents who should 

participate a little in the opinions’ changing process.  

 

 

Notice that though in all the formulas we used, for simplicity, the same symbol of  𝛾1, 

which stands for the maximum consistency level required, and 𝛾2 which stands for the 

minimum consistency level required, the values for the agents and options may be 

different, depending on the particular case considered. This is up to the moderator’s choice. 
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 𝐼𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑜𝑝𝑡𝑖𝑜𝑛𝑠: we identify some subsets of options according to 

which agents either are the most consistent (𝑂𝑃𝑇+) or remain in a strong disagreement 

(𝑂𝑃𝑇−). According, for the most controversial and the most promising options, we also 

define more specific subsets by using the detailed option consensus degree (𝐷𝑂𝑃𝑇−) and 

(𝐷𝑂𝑃𝑇+), respectively. These sets of options are: 

 

𝑂𝑃𝑇− = {𝑠𝑖 ∈ 𝑆|𝑂𝐶𝐷(𝑠𝑖) ≤ 𝛾1 ∧ 𝑅𝑇𝐸(𝑠𝑖) < 0}   (42) 

𝐷𝑂𝑃𝑇− = {(𝑠𝑖, 𝑠𝑗) ∈ 𝑆|𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) ≤ 𝛾1 ∧ 𝑠𝑖 ∈ 𝑂𝑃𝑇
−}  (43) 

𝑂𝑃𝑇+ = {𝑠𝑖 ∈ 𝑆|𝑂𝐶𝐷(𝑠𝑖) ≥ 𝛾2 ∧ 𝑅𝑇𝐸(𝑠𝑖) ≥ 0}   (44) 

𝐷𝑂𝑃𝑇+ = {(𝑠𝑖, 𝑠𝑗) ∈ 𝑆|𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) ≥ 𝛾2 ∧ 𝑠𝑖 ∈ 𝑂𝑃𝑇
+}  (45) 

 

 𝑅𝑒𝑐𝑜𝑚𝑚𝑒𝑛𝑑𝑎𝑡𝑖𝑜𝑛𝑝ℎ𝑎𝑠𝑒: we follow two steps while formulating a general 

direction of updating preferences: 

Step 1: each agent (“outsider”) 𝑒𝑚 ∈ 𝐴𝐺𝑁−should update his/her testimonies with respect 

to the pair (or pairs) of options(𝑠𝑖, 𝑠𝑗) ∈ 𝐷𝑂𝑃𝑇
−. This scenario was successfully 

implemented in Section 3.2. with a pessimistic attitude in the moderator’s advising. The 

moderator has to follow the main rule for the distribution of necessary changes over this 

group of agents, namely: a change cannot be greater than 0.3 or 0.4 (3 or 4 unit costs). 

These values of changes result from numerical experience, both in this work and are also 

implicitly motivated by some psychological results. 

Step 2: each agent 𝑒𝑚 ∈ 𝐴𝐺𝑁𝑓 should change his or her initial testimonies as to the pair 

(or pairs) of options (𝑠𝑖, 𝑠𝑗) ∈ 𝐷𝑂𝑃𝑇
+ in order to attain the desired agreement level. The 

inspiration for this scenario was proposed in Section 3.2. as an optimistic attitude in the 

moderator’s advising. However, this change should be, respectively, smaller than the 

recommendation for the previous subgroup of agents, and cannot be greater than 0.1 or 0.2 

(1 or 2 unit costs). These values result again, as mentioned above, from experience. 

Since this new fairness oriented consensus model is the main element of this dissertation, 

we will present it in more detail in Chapter 5 while presenting some experiments of the use 

of this model. 
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4.2.2 Fairly distributed social opinion 

In this section, we come back to the basic, old problem of social choice which may be 

generally described as: “given individual testimonies (here individual fuzzy preference 

relations) from a group of agents, determine a single social opinion (here a social fuzzy 

preference relation) for the whole group”. In other words, we try to find a social fuzzy 

preference relation which represents the fuzzy preferences between each ordered pair of 

options according to the agent’s testimonies, as seen by the whole group (cf. Nurmi, 1981; 

Kacprzyk and Nurmi, 1988; Kacprzyk, Zadrożny, Fedrizzi and Nurmi, 2008). Then, this 

social fuzzy preference relation can be used as a point of reference of the fair distribution 

problem.  

 

Such a problem of social choice can be considered in the context of distances of the 

individual agent's testimonies to the social opinion by using some proximity, distance, etc. 

measures. Obviously, it makes sense to require that the social opinion (social fuzzy 

reference relation) be fair in the sense that distances of the individual agent’s testimonies 

with respect to the social opinion be fairly distributed. Therefore, it is advisable to apply 

a social opinion as the point of reference in order to lead a negotiation process towards 

consensus following the fair distribution philosophy. 

 

The social fuzzy preference relation is obtained by means of the aggregation of all 

individual fuzzy preference relations in the initial phase of the process.  

 

According to Kacprzyk’s (1985) so called indirect approach to the derivation of group 

decision solutions (cf. also Kacprzyk, Zadrożny, Fedrizzi and Nurmi, 2008), we follow the 

scheme 

 

{𝑅1, … , 𝑅𝑀} → 𝑅𝑐, 

 

i.e., the social fuzzy preference relation matrix, 𝑅𝑐 = [𝑟𝑖𝑗
𝑐 ], is given from the set of 

individual fuzzy preference relations by: 

 

𝑟𝑖𝑗
𝑐 = {

1

𝑀
∑ 𝑎𝑖𝑗

𝑚𝑖𝑓𝑖 ≠ 𝑗𝑀
𝑚=1

0𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
   (46) 

with 



  91 

𝑎𝑖𝑗
𝑚 = {

1𝑖𝑓𝑟𝑖𝑗
𝑚 > 0.5

0𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
   (47) 

where 𝑖, 𝑗 = 1,… ,𝑁 and 𝑚 = 1,… ,𝑀. 

Obviously, this is just one of possible aggregation schemes of individual fuzzy preference 

relations.  

In the calculation of a proximity measure (in our case, assumed to be a distance measure) 

which evaluates the agreement between the agents’ individual fuzzy preference relations 

and a social fuzzy preference relation, we employ results by Herrera-Viedma, Martinez, 

Mata and Chiclana, 2005; Cabrerizo, Alonso, Perez and Herrera-Viedma, 2008. 

We propose here the following distance measures for each agent 𝑒𝑚 ∈ 𝐸 or for each pair 

of options(𝑠𝑖, 𝑠𝑗) as, respectively: 

𝑃𝑀(𝑒𝑚) = 1 −
∑ |𝑟𝑖𝑗

𝑚−𝑟𝑖𝑗
𝑐 |𝑁

𝑖=1,𝑖≠𝑗

2∗(𝑁−1)
   (48) 

𝑃𝑀(𝑠𝑖, 𝑠𝑗) = 1 −
∑ |𝑟𝑖𝑗

𝑚−𝑟𝑖𝑗
𝑐 |𝑀

𝑚=1

𝑀
   (49) 

In this scenario, we distinguish the following phases: 

 𝐼𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑎𝑔𝑒𝑛𝑡𝑠: we identify those agents who are the furthest and the 

closest to the social fuzzy preference relation. This set is indicated as 𝐴𝐺𝑁3 and given as 

 

𝐴𝐺𝑁3 = {𝑒𝑚 ∈ 𝐸|𝑃𝑀(𝑒𝑚) < 𝛾1 ∨ 𝑃𝑀(𝑒𝑚) > 𝛾2}  (50) 

 

where 𝛾1, from 0 to 1, is the maximum distance and 𝛾2, from 0 to 1, is the minimum 

distance required for the agents who should participate in the opinions’ changing process. 

 

 𝐼𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝑜𝑝𝑡𝑖𝑜𝑛𝑠: we identify those pairs of options which contribute 

more to reaching a high consensus state: 

 

𝐷𝑂𝑃𝑇3 = {(𝑠𝑖, 𝑠𝑗)|𝑃𝑀(𝑠𝑖, 𝑠𝑗) > 𝛾2}   (51) 

 

where 𝛾2, from 0 to 1, is the minimum distance required for the each pair of options. 
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Notice that though in all the formulas we used, for simplicity, the same symbol of  𝛾1, 

which stands for the maximum distance required, and 𝛾2 which stands for the minimum 

distance required, the values for the agents and options may be different, depending on the 

particular case considered. This is up to the moderator’s choice. 

 

 𝑅𝑒𝑐𝑜𝑚𝑚𝑒𝑛𝑑𝑎𝑡𝑖𝑜𝑛𝑝ℎ𝑎𝑠𝑒: we follow the claim:  

 

fairness means that the distances of the agents’ individual fuzzy preference 

relations to the social fuzzy preference relation should be fairly distributed.  

 

Thus, to effectively run a negotiation process from this point of view, we need to identify 

those agents from the set 𝐴𝐺𝑁3, i.e. agents who are hindering the fair distribution of 

preferences (in the sense that their testimonies are too far or too close to the social opinion). 

The preferences of each agent 𝑒𝑚 ∈ 𝐴𝐺𝑁3, should be changed with respect to the pairs of 

options(𝑠𝑖, 𝑠𝑗) ∈ 𝐷𝑂𝑃𝑇3. What matters here is that, according to the very essence of the 

fair distribution, the particular individual fuzzy preference relation of each agent 𝑒𝑚 ∈

𝐴𝐺𝑁3 should be replaced by another one by changing the preferences of specified pairs of 

options by the same small value, i.e. 0.1𝑜𝑟0.2. The direction of changes ↑ or ↓ (i.e. 

corresponding to an increase and decrease, respectively) should be towards the values in 

the social fuzzy preference relation. 

 

 

4.2.3. Numerical results 

For the best functioning of the new model proposed, we will show the results on the same 

numerical example as in Subsection 3.2.3. In the conclusion we will compare all three 

basic ways of the opinions’ changing process depending on various attitudes of the 

moderator: optimistic, pessimistic and fair oriented. 

One more time, there is a group of 6 agents who are requested to provide testimonies 

(individual fuzzy preference relations) about 4 options. The fuzzy preference relations of 

each agent (the left lower triangular part is omitted, as we have already mentioned) are:  
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The degree of the sufficient consensus (11), with 𝑄1 = 𝑄2 = "𝑚𝑜𝑠𝑡" given by (2), and 

with 𝛼 = 0.7 is: 

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.69 

This value is considered below a sufficient level of agreement within the group members 

so that to obtain a higher value of agreement we resort to the method proposed in 

Subsection 4.2.2 – fairly distributed social opinion. 

First, the social fuzzy preference relation (46) is: 




























7.0

3.05.0

0.18.00.1

][ c

ijr  

 



  94 

The evaluation of the distances between each agent’s individual fuzzy preference relation 

and the social fuzzy preference relation, according to the proximity measure (48), is 

illustrated in Figure 4. A social fuzzy preference relation is marked as a heavy bold dot in 

the middle of the shaded area. 

 

Figure 4. Distances between each agent’s individual fuzzy preference relation and 

a social fuzzy preference relation (48) 

The distance between each pair of options revealed by agents and those calculated as 

a social fuzzy preference are shown in Table XXXII. 

 

TABLE XXXII. VALUES OF 𝑃𝑀(𝑠𝑖, 𝑠𝑗) FOR EACH PAIR OF OPTIONS 
 

𝑷𝑴(𝒔𝒊, 𝒔𝒋) 𝑽𝒂𝒍𝒖𝒆 

𝑷𝑴(𝒔𝟏, 𝒔𝟒) 0.14 

𝑷𝑴(𝒔𝟏, 𝒔𝟐) 0.19 

𝑷𝑴(𝒔𝟏, 𝒔𝟑) 0.23 

𝑷𝑴(𝒔𝟑, 𝒔𝟒) 0.29 

𝑷𝑴(𝒔𝟐, 𝒔𝟑) 0.50 

𝑷𝑴(𝒔𝟐, 𝒔𝟒) 0.69 
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First, we can notice from Figure 4 that the agent’s 𝑒4, agent’s 𝑒5 and agent’s 𝑒6 individual 

fuzzy preference relations are the furthest from the social fuzzy preference relation, while 

those of the agents 𝑒1 and agent 𝑒2 are the closest ones. Agent 𝑒3 is in this comparison in 

the middle. 

Thus, following the essence of the fair distribution, the moderator suggests agent 𝑒4, agent 

𝑒5 and agent 𝑒6 to change their testimonies, in order to get them closer to the social fuzzy 

preference relation, and consequently closer to the rest of the group. Since the pair of 

options(𝑠1, 𝑠4) is pointed out as the one that contributes most to reach a high consensus 

degree, it will be the direction that the moderator would suggest.  

The amount of changes in the individual testimonies should take the same small value for 

each agent considered, and follow the direction of the social fuzzy preference relation 

matrix, i.e. an increase when the value in the social fuzzy preference is higher, and decrease 

if it is lower.  

Since the value of the agent’s 𝑒5 testimonies with respect to the selected pair of 

options(𝑠1, 𝑠4) is now the same as the one from the social fuzzy preference, then the 

moderator recommends next changes in agent’s 𝑒4 and agent’s 𝑒6 individual fuzzy 

preference relations (these values are shown in bold) in the direction of social fuzzy 

preference relation:  
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Therefore, the following changes of preferences would be advantageous (differences in 

preferences equal 0.2): 

𝑟14
4 = 0.6 → 0.8(↑ 0.2) 

𝑟14
6 = 0.7 → 0.9(↑ 0.2) 

Simultaneously, the moderator indicates agent 𝑒1and agent 𝑒2 as the candidates for 

preference changing. As it can be seen, these agent’s individual fuzzy preference relations 

are the closest to the social fuzzy preference relation, though in the equity (fairness) 

oriented approach the moderator mostly checks if distances of the agents’ fuzzy 

preferences to the social fuzzy preference are fairly distributed.  

For that reason, he also needs to convince for some changes the agents who are close 

enough to the consensual solution but also far enough from other group members. It can 

be seen as some contradiction to the idea of the previously presented approaches when 

only those agents who have been the most isolated in their preferences, and hence 

hindering mostly the reaching of consensus, have been persuaded to change their 

testimonies. 

 

To move agent 𝑒1and agent 𝑒2 towards the rest of the group members, moderator should 

check according to which pairs of options there is the highest difference in the sense of the 

highest distance between their individual fuzzy preferences and the social fuzzy 

preferences. 

 

So, we have now: 
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Table XXXII shows that the strongest difference in preference values is between the pair 

of options(𝑠2, 𝑠4), and this can also be seen from the above individual fuzzy preference 

relations. 

 

 

Figure 5. Distance between each agent’s individual fuzzy preference relations and 

a social fuzzy preference relation after the reaching of an acceptable degree of consensus 

 

 

Therefore, the following small change of preferences would be advantageous: 

 

𝑟24
1 = 0.7 → 0.5(↓ 0.2) 

𝑟24
2 = 0.9 → 0.7(↓ 0.2) 
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It turns out that these changes make it possible to obtain the highest possible value of the 

group consensus degree, namely: 

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 1 

The total cost of changes is equal to 8. 

Therefore, we have reached an acceptable degree of consensus, after some changes in the 

individual fuzzy preference relations suggested by the moderator by using some tools 

implied by the equity (fairness) focus. 

 

The evaluation of the distance between each agent’s individual fuzzy preferences and the 

social fuzzy preference is now illustrated in Figure 5. 

Now, we can proceed to the determination of a group decision solutions and we use this, 

as in previous cases, Kacprzyk’s (1986) 𝑓𝑢𝑧𝑧𝑦𝑄 − 𝑐𝑜𝑟𝑒 (17) which is: 

𝜇𝐶𝑄(𝑠1) = 1 

𝜇𝐶𝑄(𝑠3) = 0.4 

𝜇𝐶𝑄(𝑠2) = 0 

𝜇𝐶𝑄(𝑠4) = 0 

Notice that option 𝑠1 is still pointed out as the best choice of the group. 

It is interesting that the same scenario but with the following, slightly smaller changes: 

𝑟14
4 = 0.6 → 0.7(↑ 0.1) 

𝑟14
6 = 0.7 → 0.8(↑ 0.1) 

𝑟24
1 = 0.7 → 0.6(↓ 0.1) 

𝑟24
2 = 0.9 → 0.8(↓ 0.1) 

makes it possible to obtain the acceptable value of degree of consensus: 

 

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.94 

 

with the total cost of changes which only equals 4!  
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The choice of the particular scenario, that is either with 𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 1 but with the 

total cost of changes equal 8 or 𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.94 but with the total cost of changes 

equal 4, is clearly up to the moderator. 

4.3.1. Concluding remarks 

In our analyses we have followed all three types of the moderator’s attitudes: optimistic, 

pessimistic and a fairness oriented based on the social opinion, and illustrated them on 

a numerical example with a group of 6 agents and a set of 4 options. In all three cases, the 

agent’s initial preferences were the same. The size of the example has been chosen to 

maintain its clarity and comprehensibility for the reader. It is clear that in each case our 

main goal has been to obtain the highest possible degree of consensus, of course within the 

available time period.  

Table XXXIII shows that in all three scenarios, depending on the problem considered or 

a specific nature of the group of agents, the moderators’ persuasion has driven the 

consensus reaching process towards the highest degree of agreement which clearly 

confirms the effectiveness and efficiency of the idea and solutions developed in our 

approach.  

 

TABLE XXXIII. A COMPARISON OF RESULTS FOR THE OPTIMISTIC, PESSIMISTIC AND 

FAIRNESS ORIENTED MODERATOR’S ATTITUDE 

 

 Optimistic Pessimistic 

Fairness 

oriented 

Case 1 

Fairness 

oriented 

Case 2 

Initial degree of 

consensus 
0.69 0.69 0.69 0.69 

Final degree of 

consensus 
0.9 1.0 1.0 0.94 

Number of rounds 

in session 
3 2 1 1 

Total cost 14 8 8 4 
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In general, it can be seen that the attitudes which are more oriented towards fairness, that 

is, both the pessimistic one and an explicitly fairness oriented one, gave better results in 

the term of both the value of the degree of consensus and the cost of changes. That is, the 

fairness oriented approach has proved to be better than the traditional efficiency oriented 

approach. The simple example presented above has just shown this advantage though, 

obviously, it would have been better visible in the case of a higher number of agents and 

options. This issue will be further explored in the next chapter by showing solutions for 

a realistic example from the literature that can be viewed to be to some extent a benchmark 

for the class of problems considered. 
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Chapter 5 

Efficiency oriented vs. fairness oriented support of 

consensus reaching  

 

The purpose of this chapter is to further discuss the crucial issue of the support of consensus 

reaching following the two basic attitudes, that is, the efficiency oriented and fairness 

oriented approach from Subsection 4.2.1. We will use a realistic example which is often 

employed in this areas and may be considered to be a benchmark. This will help us both 

to present more details of our new fairness oriented approach to the moderator driven 

support of consensus reaching, and also clarify some more issues and aspects related to 

our work, and also – more generally – to the area of research.      

5.1  Problem description 

To show a more complex situation to which our model is applied, and hence to get more 

insight into the functioning and quality of the proposed model, we will  examine a well 

known example from Carlson, Fedrizzi, and Fuller (2004). There is a group of 10 agents 

who represent the authorities, civic groups, inhabitants, etc. and participate in a consensus 

reaching session concerning the selection of an investment in a small community. There 

are 4 options considered, namely: 

 

𝑠1: 𝑠𝑐ℎ𝑜𝑜𝑙 

𝑠2: 𝑚𝑜𝑣𝑖𝑒𝑡ℎ𝑒𝑎𝑡𝑒𝑟 

𝑠3: 𝑠ℎ𝑜𝑝𝑝𝑖𝑛𝑔𝑐𝑒𝑛𝑡𝑒𝑟 

𝑠4: 𝑠𝑤𝑖𝑚𝑚𝑖𝑛𝑔𝑝𝑜𝑜𝑙 

 

The initial individual fuzzy preference relations are (the irrelevant left lower triangular 

parts are omitted, as we have already mentioned many times): 
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Now, within the group of 10 agents, the degree of consensus (9) is equal to: 

 

𝑐𝑜𝑛𝑄1,𝑄2(𝐸, 𝑆) = 0 
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while for the degree of sufficient consensus (11) with 𝛼 = 0.8 is equal to: 

 

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.34 

The values of 𝑃𝐶𝐷(𝑒𝑚), (19), and 𝑅𝑇𝑂(𝑒𝑚), (18), 𝑚 = 1, … ,10, for the particular agents 

are shown rank ordered in Table XXXIV, Table XXXV, respectively. 

 

TABLE XXXIV. VALUES OF 𝑃𝐶𝐷(𝑒𝑚) FOR EACH AGENT 

  

𝑷𝑪𝑫(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑷𝑪𝑫(𝒆𝟏𝟎) 0.93 

𝑷𝑪𝑫(𝒆𝟕) 0.7 

𝑷𝑪𝑫(𝒆𝟑) 0.5 

𝑷𝑪𝑫(𝒆𝟗) 0.5 

𝑷𝑪𝑫(𝒆𝟓) 0.44 

𝑷𝑪𝑫(𝒆𝟒) 0.27 

𝑷𝑪𝑫(𝒆𝟏) 0.23 

𝑷𝑪𝑫(𝒆𝟔) 0.11 

𝑷𝑪𝑫(𝒆𝟐) 0 

𝑷𝑪𝑫(𝒆𝟖) 0 

 

 

TABLE XXXV. VALUES OF 𝑅𝑇𝑂(𝑒𝑚) FOR EACH AGENT 

  

𝑹𝑻𝑶(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑶(𝒆𝟏𝟎) 0.15 

𝑹𝑻𝑶(𝒆𝟕) 0.09 

𝑹𝑻𝑶(𝒆𝟑) 0.04 

𝑹𝑻𝑶(𝒆𝟗) 0.04 

𝑹𝑻𝑶(𝒆𝟓) 0.02 

𝑹𝑻𝑶(𝒆𝟒) −0.02 

𝑹𝑻𝑶(𝒆𝟏) −0.03 

𝑹𝑻𝑶(𝒆𝟔) −0.06 

𝑹𝑻𝑶(𝒆𝟐) −0.09 

𝑹𝑻𝑶(𝒆𝟖) −0.15 

The values of 𝑂𝐶𝐷(𝑠𝑖), (21) and 𝑅𝑇𝐸(𝑠𝑖), (22), 𝑖 = 1,… ,4, for the particular options are 

given in Table XXXVI, and Table XXXVII analogously. 
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TABLE XXXVI. VALUES OF 𝑂𝐶𝐷(𝑠𝑖) FOR EACH OPTION 

 

𝑶𝑪𝑫(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑶𝑪𝑫(𝒔𝟏) 0.5 

𝑶𝑪𝑫(𝒔𝟐) 0.5 

𝑶𝑪𝑫(𝒔𝟑) 0.3 

𝑶𝑪𝑫(𝒔𝟒) 0.3 

 

 

TABLE XXXVII. VALUES OF 𝑅𝑇𝐸(𝑠𝑖) FOR EACH OPTION 

 

𝑹𝑻𝑬(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑬(𝒔𝟐) 0.12 

𝑹𝑻𝑬(𝒔𝟏) −0.01 

𝑹𝑻𝑬(𝒔𝟒) −0.01 

𝑹𝑻𝑬(𝒔𝟑) −0.15 
 

 

For a more general view of the situation between agents, we also compute the detailed 

option consensus degree, that is an extension of 𝑂𝐶𝐷(𝑠𝑖) indicator for each pair of options. 

The values of 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) are given below: 

 

TABLE XXXVIII. VALUES OF 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) FOR EACH PAIR OF OPTIONS 

 

𝑫𝑶𝑪𝑫(𝒔𝒊, 𝒔𝒋) 𝑽𝒂𝒍𝒖𝒆 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟒) 0.87 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟑) 0.69 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟐) 0.64 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟒) 0.47 

𝑫𝑶𝑪𝑫(𝒔𝟑, 𝒔𝟒) 0.33 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟑) 0.29 
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5.2  Pessimistic attitude in the moderator’s persuasions 

Moderator starts with identifying the subgroup of agents who are the most isolated with 

their testimonies as to the options considered, and a set of options which are the main 

obstacles in reaching the group sufficient agreement. According to Subsection 3.2.2 and 

equations (26) – (28), with 𝛾1 = 0.1 for agents, and 𝛾1 = 0.4 for options, moderator 

obtains rank ordered (from the lowest value of indicators) sets: 

 

𝐴𝐺𝑁2 = {𝑒8, 𝑒2} 

𝑂𝑃𝑇2 = {𝑠3, 𝑠4} 

𝐷𝑂𝑃𝑇2 = {(𝑠2, 𝑠3)(𝑠3, 𝑠4)} 

 

The new value of the agent’s 𝑒2 and agent’s 𝑒8 testimonies with respect to the pair of 

options(𝑠2, 𝑠3) (the lowest value of 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) indicator) should be the same as those 

represented by agent 𝑒10 (the one with the highest value of 𝑃𝐶𝐷(𝑒𝑚) indicator). 

Thus, the change of preferences would be as following: 

 

𝑟23
2 = 0.8 → 0.2(↓ 0.6) 

𝑟23
8 = 0.9 → 0.2(↓ 0.7) 

 

The new value of group consensus degree equals: 

  

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.47 

 

The cost of changes, during the first iteration of the session, is equal to 13. 

This value is considered below the sufficient level of agreement within the group members, 

thus the next iteration of the process is required. 
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The values of all consensus indicators (18) - (22) are shown in Tables XXXIX- XLIII. 

 

 

TABLE XXXIX. VALUES OF 𝑃𝐶𝐷(𝑒𝑚) FOR EACH AGENT 

  

𝑷𝑪𝑫(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑷𝑪𝑫(𝒆𝟏𝟎) 1.0 

𝑷𝑪𝑫(𝒆𝟕) 0.79 

𝑷𝑪𝑫(𝒆𝟑) 0.59 

𝑷𝑪𝑫(𝒆𝟗) 0.59 

𝑷𝑪𝑫(𝒆𝟓) 0.59 

𝑷𝑪𝑫(𝒆𝟔) 0.26 

𝑷𝑪𝑫(𝒆𝟏) 0.21 

𝑷𝑪𝑫(𝒆𝟒) 0.20 

𝑷𝑪𝑫(𝒆𝟐) 0.19 

𝑷𝑪𝑫(𝒆𝟖) 0.19 

 

TABLE XL. VALUES OF 𝑅𝑇𝑂(𝑒𝑚) FOR EACH AGENT  

 

𝑹𝑻𝑶(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑶(𝒆𝟏𝟎) 0.15 

𝑹𝑻𝑶(𝒆𝟕) 0.08 

𝑹𝑻𝑶(𝒆𝟑) 0.03 

𝑹𝑻𝑶(𝒆𝟗) 0.03 

𝑹𝑻𝑶(𝒆𝟓) 0.03 

𝑹𝑻𝑶(𝒆𝟔) −0.05 

𝑹𝑻𝑶(𝒆𝟏) −0.06 

𝑹𝑻𝑶(𝒆𝟒) −0.07 

𝑹𝑻𝑶(𝒆𝟐) −0.07 

𝑹𝑻𝑶(𝒆𝟖) −0.07 

 

TABLE XLI. VALUES OF 𝑂𝐶𝐷(𝑠𝑖) FOR EACH OPTION 

 

𝑶𝑪𝑫(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑶𝑪𝑫(𝒔𝟏) 0.67 

𝑶𝑪𝑫(𝒔𝟐) 0.50 

𝑶𝑪𝑫(𝒔𝟑) 0.50 

𝑶𝑪𝑫(𝒔𝟒) 0.30 
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TABLE XLII. VALUES OF 𝑅𝑇𝐸(𝑠𝑖) FOR EACH OPTION 

 

𝑹𝑻𝑬(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑬(𝒔𝟐) 0.24 

𝑹𝑻𝑬(𝒔𝟏) −0.01 

𝑹𝑻𝑬(𝒔𝟑) −0.02 

𝑹𝑻𝑬(𝒔𝟒) −0.09 

 

TABLE XLIII. VALUES OF 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) FOR EACH PAIR OF OPTIONS 

 

𝑫𝑶𝑪𝑫(𝒔𝒊, 𝒔𝒋) 𝑽𝒂𝒍𝒖𝒆 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟒) 0.87 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟑) 0.69 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟑) 0.69 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟐) 0.64 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟒) 0.47 

𝑫𝑶𝑪𝑫(𝒔𝟑, 𝒔𝟒) 0.33 

 

In the second iteration, with 𝛾1 = 0.3 for agents, and 𝛾1 = 0.4 for options, moderator 

obtains rank ordered (from the lowest value of indicators) sets: 

 

𝐴𝐺𝑁2 = {𝑒1, 𝑒2, 𝑒4, 𝑒6, 𝑒8} 

𝑂𝑃𝑇2 = {𝑠4} 

𝐷𝑂𝑃𝑇2 = {(𝑠3, 𝑠4)} 

The new value of the particular agent’s individual fuzzy preference relations as to the 

selected pair of options(𝑠3, 𝑠4), should the same as those represented by the agent 𝑒10 (still 

the one with the highest value of 𝑃𝐶𝐷(𝑒𝑚) indicator). 

Therefore, the change of preferences needed would be as follows: 

 

𝑟34
1 = 0.7 → 0.9(↑ 0.2) 

𝑟34
2 = 0.5 → 0.9(↑ 0.4) 

𝑟34
4 = 0.3 → 0.9(↑ 0.7) 

𝑟34
6 = 1.0 → 0.9(↓ 0.1) 

𝑟34
8 = 0.4 → 0.9(↑ 0.5) 
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The new value of the degree of consensus (11) equals: 

  

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.81 

 

and the cost of changes, during the first iteration of the session, is equal to 19. 

The new values of all consensus indicators, are shown in Tables XLIV-XLVIII. 

 

TABLE XLIV. VALUES OF 𝑃𝐶𝐷(𝑒𝑚) FOR EACH AGENT  

 

𝑷𝑪𝑫(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑷𝑪𝑫(𝒆𝟏𝟎) 1.0 

𝑷𝑪𝑫(𝒆𝟕) 1.0 

𝑷𝑪𝑫(𝒆𝟑) 0.88 

𝑷𝑪𝑫(𝒆𝟗) 0.88 

𝑷𝑪𝑫(𝒆𝟓) 0.88 

𝑷𝑪𝑫(𝒆𝟒) 0.72 

𝑷𝑪𝑫(𝒆𝟖) 0.64 

𝑷𝑪𝑫(𝒆𝟐) 0.61 

𝑷𝑪𝑫(𝒆𝟏) 0.6 

𝑷𝑪𝑫(𝒆𝟔) 0.56 

 

 

TABLE XLV. VALUES OF 𝑅𝑇𝑂(𝑒𝑚) FOR EACH AGENT 

  

𝑹𝑻𝑶(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑶(𝒆𝟏𝟎) 0.12 

𝑹𝑻𝑶(𝒆𝟕) 0.05 

𝑹𝑻𝑶(𝒆𝟑) 0.02 

𝑹𝑻𝑶(𝒆𝟗) 0.02 

𝑹𝑻𝑶(𝒆𝟓) 0.02 

𝑹𝑻𝑶(𝒆𝟒) −0.02 

𝑹𝑻𝑶(𝒆𝟖) −0.04 

𝑹𝑻𝑶(𝒆𝟏) −0.05 

𝑹𝑻𝑶(𝒆𝟐) −0.05 

𝑹𝑻𝑶(𝒆𝟔) −0.06 
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TABLE XLVI. VALUES OF 𝑂𝐶𝐷(𝑠𝑖) FOR EACH OPTION 

 

𝑶𝑪𝑫(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑶𝑪𝑫(𝒔𝟒) 0.94 

𝑶𝑪𝑫(𝒔𝟑) 0.93 

𝑶𝑪𝑫(𝒔𝟐) 0.67 

𝑶𝑪𝑫(𝒔𝟏) 0.50 

 

TABLE XLVII. VALUES OF 𝑅𝑇𝐸(𝑠𝑖) FOR EACH OPTION 

𝑹𝑻𝑬(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑬(𝒔𝟑) 0.32 

𝑹𝑻𝑬(𝒔𝟒) 0.25 

𝑹𝑻𝑬(𝒔𝟐) −0.01 

𝑹𝑻𝑬(𝒔𝟏) −0.19 
 

 

TABLE XLV III. VALUES OF 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) FOR EACH PAIR OF OPTIONS 

 

𝑫𝑶𝑪𝑫(𝒔𝒊, 𝒔𝒋) 𝑽𝒂𝒍𝒖𝒆 

𝑫𝑶𝑪𝑫(𝒔𝟑, 𝒔𝟒) 1.0 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟒) 0.87 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟑) 0.69 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟑) 0.69 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟐) 0.64 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟒) 0.47 

 

In the third iteration, with 𝛾1 = 0.7 for agents, and 𝛾1 = 0.6 for options, moderator obtains 

rank ordered (from the lowest value of indicators) sets: 

 

𝐴𝐺𝑁2 = {𝑒1, 𝑒2, 𝑒6, 𝑒8} 

𝑂𝑃𝑇2 = {𝑠1} 

𝐷𝑂𝑃𝑇2 = {(𝑠1, 𝑠4)} 

 

The new values of the agent’s individual fuzzy preferences as to selected pair of 

options(𝑠1, 𝑠4), should be still the same as those of agent 𝑒10.  
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Therefore, the moderator suggests the following changes: 

 

𝑟14
1 = 1.0 → 0.9(↓ 0.1) 

𝑟14
2 = 1.0 → 0.9(↓ 0.1) 

𝑟14
6 = 0.7 → 0.9(↑ 0.2) 

𝑟14
8 = 0.4 → 0.9(↑ 0.5) 

 

what imply the consensus degree to be equal to:  

 

𝑐𝑜𝑛𝑄1,𝑄2(𝐸, 𝑆) = 0.96 

This degree of agreement within the group can well be viewed to be satisfactory and the 

session can end. 

The total cost of changes, during all three iterations, is equal to 41. 

 

5.3  Fairness oriented attitude in discussion guidance 

Following Tables XXXIV - XXXVIII, moderator starts with the identification, first, of 

a subset of agents who are the most isolated in their opinion with respect to the rest of the 

group, 𝐴𝐺𝑁−- (39), second, of a subset of agents whose preferences are in the strongest 

agreement with other agents of the group, 𝐴𝐺𝑁+- (40), and the third subset of fairly 

consistent agents, 𝐴𝐺𝑁𝑓- (41), that is, with a moderate agreement with other agents. 

Moreover, the moderator has to find two subsets of options: first, a subset if options which 

are the main obstacles in reaching a sufficiently high degree of consensus, and second, 

a subset of options which contribute most to the reaching of a high degree of consensus.  

First, in a subset of agents who are the most isolated in their testimonies with respect to 

the rest of the group, the maximum change in testimonies would be equal to 0.4 (as earlier, 

this is the value found to be proper based on numerical experiments). While in the subset 

of fairly consistent agents, the maximum change in preferences would be equal to 0.2 

which, again, results from experiments. 



  111 

According to Subsection 4.2.1. and equations (39) – (44), with 𝛾1 = 0.2 and 𝛾2 = 0.9 for 

agents, and 𝛾1 = 0.3 and 𝛾2 = 0.5 for options, moderator obtains rank ordered sets: 

 

𝐴𝐺𝑁− = {𝑒8, 𝑒2, 𝑒6} 

𝐴𝐺𝑁+ = {𝑒10} 

𝐴𝐺𝑁𝑓 = {𝑒7, 𝑒3, 𝑒9,𝑒5, 𝑒1, 𝑒4} 

𝑂𝑃𝑇− = {𝑠3, 𝑠4} 

𝐷𝑂𝑃𝑇− = {(𝑠2, 𝑠3)} 

𝑂𝑃𝑇+ = {𝑠2} 

𝐷𝑂𝑃𝑇+ = {(𝑠2, 𝑠4), (𝑠1, 𝑠2)} 

 

Following the recommendation phase from Subsection 4.2.1., each agent (“outsider”) 𝑒𝑚 ∈

𝐴𝐺𝑁− should change his/her testimonies with respect to the pair of options(𝑠2, 𝑠3) ∈

𝐷𝑂𝑃𝑇−(with the lowest value of 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) indicator). On the other hand, each agent 

𝑒𝑚 ∈ 𝐴𝐺𝑁𝑓 should change his or her initial testimonies as to the pair of options (𝑠2, 𝑠4) ∈

𝐷𝑂𝑃𝑇+ (with the highest value of 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) indicator) in order to attain the desired 

agreement level.  

Moderator suggests, that new values of the individual fuzzy preference relations as to 

selected pair of options should follow agent’s 𝑒10 testimonies, that is: 
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Therefore, the change of preferences should be as follows: 
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𝐴𝐺𝑁− = {

𝑟23
8 = 0.9 → 0.5(↓ 0.4)

𝑟23
2 = 0.8 → 0.4(↓ 0.4)

𝑟23
6 = 0.0 → 0.2(↑ 0.2)

 

 

𝐴𝐺𝑁𝑓 =

{
 
 

 
 
𝑟24
1 = 0.7 → 0.5(↓ 0.2)

𝑟24
4 = 0.3 → 0.5(↑ 0.2)

𝑟24
5 = 0.4 → 0.5(↑ 0.1)

𝑟24
9 = 0.4 → 0.5(↑ 0.1)

𝑟24
3 = 0.4 → 0.5(↑ 0.1)

 

𝑟24
7 = 0.5𝑛𝑜𝑐ℎ𝑎𝑛𝑔𝑒 

 

The new value of the degree of consensus (11) equals: 

  

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.43 

 

and the cost of changes, during the first iteration of the session, is equal to 17. 

The values of all consensus indicators, are shown in Tables XLIX-LIII. 

 

TABLE XLIX. VALUES OF 𝑃𝐶𝐷(𝑒𝑚) FOR EACH AGENT  

 

𝑷𝑪𝑫(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑷𝑪𝑫(𝒆𝟏𝟎) 1.0 

𝑷𝑪𝑫(𝒆𝟕) 0.7 

𝑷𝑪𝑫(𝒆𝟑) 0.58 

𝑷𝑪𝑫(𝒆𝟗) 0.58 

𝑷𝑪𝑫(𝒆𝟓) 0.51 

𝑷𝑪𝑫(𝒆𝟏) 0.45 

𝑷𝑪𝑫(𝒆𝟒) 0.41 

𝑷𝑪𝑫(𝒆𝟔) 0.19 

𝑷𝑪𝑫(𝒆𝟐) 0.08 

𝑷𝑪𝑫(𝒆𝟖) 0 
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TABLE L. VALUES OF 𝑅𝑇𝑂(𝑒𝑚) FOR EACH AGENT  

 

𝑹𝑻𝑶(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑶(𝒆𝟏𝟎) 0.14 

𝑹𝑻𝑶(𝒆𝟕) 0.07 

𝑹𝑻𝑶(𝒆𝟑) 0.04 

𝑹𝑻𝑶(𝒆𝟗) 0.04 

𝑹𝑻𝑶(𝒆𝟓) 0.02 

𝑹𝑻𝑶(𝒆𝟏) 0.01 

𝑹𝑻𝑶(𝒆𝟒) −0.01 

𝑹𝑻𝑶(𝒆𝟔) −0.06 

𝑹𝑻𝑶(𝒆𝟐) −0.09 

𝑹𝑻𝑶(𝒆𝟖) −0.16 

 

TABLE LI. VALUES OF 𝑂𝐶𝐷(𝑠𝑖) FOR EACH OPTION 

 

𝑶𝑪𝑫(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑶𝑪𝑫(𝒔𝟐) 0.60 

𝑶𝑪𝑫(𝒔𝟏) 0.50 

𝑶𝑪𝑫(𝒔𝟒) 0.38 

𝑶𝑪𝑫(𝒔𝟑) 0.36 

 

TABLE LII. VALUES OF 𝑅𝑇𝐸(𝑠𝑖) FOR EACH OPTION 

 

𝑹𝑻𝑬(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑬(𝒔𝟐) 0.20 

𝑹𝑻𝑬(𝒔𝟏) 0.09 

𝑹𝑻𝑬(𝒔𝟒) 0.04 

𝑹𝑻𝑬(𝒔𝟑) −0.11 
 

TABLE LIII. VALUES OF 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) FOR EACH PAIR OF OPTIONS 

 

𝑫𝑶𝑪𝑫(𝒔𝒊, 𝒔𝒋) 𝑽𝒂𝒍𝒖𝒆 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟒) 1.0 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟑) 0.69 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟐) 0.64 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟒) 0.47 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟑) 0.35 

𝑫𝑶𝑪𝑫(𝒔𝟑, 𝒔𝟒) 0.33 
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In the second iteration, with 𝛾1 = 0.2 and 𝛾2 = 0.9 for agents, and 𝛾1 = 0.4 and 𝛾2 = 0.5 

for options, moderator obtains rank ordered sets: 

 

𝐴𝐺𝑁− = {𝑒8, 𝑒2, 𝑒6} 

𝐴𝐺𝑁+ = {𝑒10} 

𝐴𝐺𝑁𝑓 = {𝑒7, 𝑒3, 𝑒9,𝑒5, 𝑒1, 𝑒4} 

𝑂𝑃𝑇− = {𝑠3} 

𝐷𝑂𝑃𝑇− = {(𝑠3, 𝑠4), (𝑠2, 𝑠3)} 

𝑂𝑃𝑇+ = {𝑠2, 𝑠1} 

𝐷𝑂𝑃𝑇+ = {(𝑠2, 𝑠4), (𝑠1, 𝑠3), (𝑠1, 𝑠2)} 

 

Here, each agent (“outsider”) 𝑒𝑚 ∈ 𝐴𝐺𝑁− should change his/her testimonies with respect 

to the pair of options(𝑠3, 𝑠4) ∈ 𝐷𝑂𝑃𝑇
−.(with the lowest value of 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) indicator – 

different than in the previous iteration). On the other hand, each agent 𝑒𝑚 ∈ 𝐴𝐺𝑁𝑓 should 

change his or her initial testimonies as to the pair of options (𝑠1, 𝑠3) ∈ 𝐷𝑂𝑃𝑇
+ (with the 

highest value of 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) indicator - different than in the previous iteration) in order 

to attain the desired agreement level.  

Moderator suggests, that new values of the individual fuzzy preference relations as to 

selected pair of options should follow agent’s 𝑒10 testimonies, that is: 
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The moderator suggests now the following modifications: 
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𝐴𝐺𝑁− = {

𝑟34
8 = 0.4 → 0.8(↑ 0.4)

𝑟34
2 = 0.5 → 0.9(↑ 0.4)

𝑟34
6 = 1.0 → 0.9(↓ 0.1)

 

 

𝐴𝐺𝑁𝑓 =

{
 
 

 
 
𝑟13
7 = 0.7 → 0.8(↑ 0.1)

𝑟13
3 = 0.6 → 0.8(↑ 0.2)

𝑟13
5 = 0.5 → 0.7(↑ 0.2)

𝑟13
9 = 0.6 → 0.8(↑ 0.2)

𝑟13
1 = 0.9 → 0.8(↓ 0.1)

 

𝑟13
4 = 0.8𝑛𝑜𝑐ℎ𝑎𝑛𝑔𝑒 

 

 

These changes make it possible to obtain the degree of consensus equal to:  

 

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.72 

 

with the cost of changes, during the second iteration of the discussion, equal to 17. 

The values of all consensus indicators, are shown in Tables LIV-LVIII. 

 

TABLE LIV. VALUES OF 𝑃𝐶𝐷(𝑒𝑚) FOR EACH AGENT  

 

𝑷𝑪𝑫(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑷𝑪𝑫(𝒆𝟏𝟎) 1.0 

𝑷𝑪𝑫(𝒆𝟑) 0.88 

𝑷𝑪𝑫(𝒆𝟗) 0.88 

𝑷𝑪𝑫(𝒆𝟏) 0.84 

𝑷𝑪𝑫(𝒆𝟓) 0.81 

𝑷𝑪𝑫(𝒆𝟕) 0.79 

𝑷𝑪𝑫(𝒆𝟔) 0.56 

𝑷𝑪𝑫(𝒆𝟐) 0.41 

𝑷𝑪𝑫(𝒆𝟒) 0.35 

𝑷𝑪𝑫(𝒆𝟖) 0.27 
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TABLE LV. VALUES OF 𝑅𝑇𝑂(𝑒𝑚) FOR EACH AGENT  

 

𝑹𝑻𝑶(𝒆𝒎) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑶(𝒆𝟏𝟎) 0.11 

𝑹𝑻𝑶(𝒆𝟑) 0.05 

𝑹𝑻𝑶(𝒆𝟗) 0.05 

𝑹𝑻𝑶(𝒆𝟏) 0.04 

𝑹𝑻𝑶(𝒆𝟓) 0.03 

𝑹𝑻𝑶(𝒆𝟕) 0.03 

𝑹𝑻𝑶(𝒆𝟔) −0.03 

𝑹𝑻𝑶(𝒆𝟐) −0.07 

𝑹𝑻𝑶(𝒆𝟒) −0.09 

𝑹𝑻𝑶(𝒆𝟖) −0.10 

 

TABLE LVI. VALUES OF 𝑂𝐶𝐷(𝑠𝑖) FOR EACH OPTION 

 

𝑶𝑪𝑫(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑶𝑪𝑫(𝒔𝟒) 0.75 

𝑶𝑪𝑫(𝒔𝟑) 0.70 

𝑶𝑪𝑫(𝒔𝟏) 0.66 

𝑶𝑪𝑫(𝒔𝟐) 0.60 

 

TABLE LVII. VALUES OF 𝑅𝑇𝐸(𝑠𝑖) FOR EACH OPTION 

 

𝑹𝑻𝑬(𝒔𝒊) 𝑽𝒂𝒍𝒖𝒆 

𝑹𝑻𝑬(𝒔𝟑) 0.15 

𝑹𝑻𝑬(𝒔𝟒) 0.11 

𝑹𝑻𝑬(𝒔𝟏) 0.09 

𝑹𝑻𝑬(𝒔𝟐) −0.05 
 

TABLE LVIII. VALUES OF 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) FOR EACH PAIR OF OPTIONS 

 

𝑫𝑶𝑪𝑫(𝒔𝒊, 𝒔𝒋) 𝑽𝒂𝒍𝒖𝒆 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟒) 1.0 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟑) 1.0 

𝑫𝑶𝑪𝑫(𝒔𝟑, 𝒔𝟒) 0.87 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟐) 0.65 

𝑫𝑶𝑪𝑫(𝒔𝟏, 𝒔𝟒) 0.47 

𝑫𝑶𝑪𝑫(𝒔𝟐, 𝒔𝟑) 0.33 
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In the third iteration, with 𝛾1 = 0.6 and 𝛾2 = 0.9 for agents, and 𝛾1 = 0.6 and 𝛾2 = 0.7 

for options, moderator obtains rank ordered sets: 

 

𝐴𝐺𝑁− = {𝑒8, 𝑒4, 𝑒2, 𝑒6} 

𝐴𝐺𝑁+ = {𝑒10} 

𝐴𝐺𝑁𝑓 = {𝑒3, 𝑒9, 𝑒1, 𝑒5, 𝑒7} 

𝑂𝑃𝑇− = {𝑠2} 

𝐷𝑂𝑃𝑇− = {(𝑠2, 𝑠3)} 

𝑂𝑃𝑇+ = {𝑠3, 𝑠4} 

𝐷𝑂𝑃𝑇+ = {(𝑠2, 𝑠4), (𝑠1, 𝑠3), (𝑠3, 𝑠4)} 

 

Each agent (“outsider”) 𝑒𝑚 ∈ 𝐴𝐺𝑁− should change his/her testimonies with respect to the 

pair of options(𝑠2, 𝑠3) ∈ 𝐷𝑂𝑃𝑇
−.(with the lowest value of 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) indicator – 

different than in the previous iteration). On the other hand, each agent 𝑒𝑚 ∈ 𝐴𝐺𝑁𝑓 should 

change his or her initial testimonies as to the pair of options (𝑠3, 𝑠4) ∈ 𝐷𝑂𝑃𝑇
+ (the highest 

value of 𝐷𝑂𝐶𝐷(𝑠𝑖, 𝑠𝑗) will not make any changes in agent’s testimonies) in order to attain 

the desired agreement level.  

Moderator suggests, that new values of the individual fuzzy preference relations as to 

selected pair of options should follow towards agent’s 𝑒10 testimonies, that is: 
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Therefore, the following change of preferences would be advantageous: 
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𝐴𝐺𝑁− =

{
 
 

 
 𝑟23

8 = 0.5 → 0.2(↓ 0.3)

𝑟23
2 = 0.4 → 0.2(↓ 0.2)

𝑟23
4 = 0.6 → 0.3(↓ 0.3)

𝑟23
6 = 0.2𝑛𝑜𝑐ℎ𝑎𝑛𝑔𝑒

 

𝐴𝐺𝑁𝑓 =

{
 
 

 
 
𝑟34
1 = 0.7 → 0.9(↑ 0.2)

𝑟34
3 = 1.0 → 0.9(↓ 0.1)

𝑟34
5 = 1.0 → 0.9(↓ 0.1)

𝑟34
9 = 1.0 → 0.9(↓ 0.1)

𝑟34
7 = 0.9𝑛𝑜𝑐ℎ𝑎𝑛𝑔𝑒

 

 

After the accounting for all of these suggestions, the degree of consensus is equal to: 

  

𝑐𝑜𝑛𝑄1,𝑄2
𝛼 (𝐸, 𝑆) = 0.93 

 

The cost of changes, during the third iteration of the discussion, is equal to 13. 

This degree of agreement within the group can well be viewed to be satisfactory and the 

session can end. 

The total cost of changes, during all three iterations, is equal to 47. 

Now, from the individual fuzzy preference relations obtained at the end of the consensus 

reaching process, after the above mentioned changes, we obtain the group decision 

solution, Kacprzyk’s (1986) 𝑓𝑢𝑧𝑧𝑦𝑄 − 𝑐𝑜𝑟𝑒 (17) as: 

 

𝜇𝐶𝑄(𝑠1) = 1 

𝜇𝐶𝑄(𝑠3) = 0.6 

𝜇𝐶𝑄(𝑠2) = 0 

𝜇𝐶𝑄(𝑠4) = 0 

 

Notice that 𝑜𝑝𝑡𝑖𝑜𝑛𝑠1 is still pointed out as the best choice of the group. 
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5.4  Concluding remarks 

A comparison of results for the efficiency oriented strategy based on the pessimistic 

attitude in the moderator’s advising, and a fairness oriented strategy concerning the fair 

share of distribution of changes required to obtain a sufficient degree of consensus, are 

presented in Table LIX. 

 

TABLE LIX. A COMPARISON OF RESULTS FOR THE EFFICIENCY ORIENTED AND FAIRNESS 

ORIENTED STRATEGY IN THE MODERATOR’S ADVISING 

 

 
𝑬𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒄𝒚𝒐𝒓𝒊𝒆𝒏𝒕𝒆𝒅 

𝒔𝒕𝒓𝒂𝒕𝒆𝒈𝒚 

𝑭𝒂𝒊𝒓𝒏𝒆𝒔𝒔𝒐𝒓𝒊𝒆𝒏𝒕𝒆𝒅 
𝒔𝒕𝒂𝒓𝒕𝒆𝒈𝒚 

𝑰𝒏𝒊𝒕𝒊𝒂𝒍𝒅𝒆𝒈𝒓𝒆𝒆𝒐𝒇 
𝒄𝒐𝒏𝒔𝒆𝒏𝒔𝒖𝒔 

0.34 0.34 

𝑭𝒊𝒏𝒂𝒍𝒅𝒆𝒈𝒓𝒆𝒆𝒐𝒇 
𝒄𝒐𝒏𝒔𝒆𝒏𝒔𝒖𝒔  

0.96 0.93 

𝑵𝒖𝒎𝒃𝒆𝒓𝒐𝒇𝐢𝐭𝐞𝐫𝐚𝐭𝐢𝐨𝐧𝐬 3 3 

𝑻𝒐𝒕𝒂𝒍𝒄𝒐𝒔𝒕 
(number of changes) 

39 47 

 

The results of an illustrative numerical example of a moderator run consensus reaching 

process, under various moderator’s strategies and attitudes mentioned, have fully 

confirmed the effectiveness and efficiency of our proposed approach. In both cases, the 

group of agents has obtained a sufficient degree of consensus, within the same time limit 

(practically equivalent to the number of iterations), with the similar number of changes in 

the agent’s preferences. Nevertheless, fairness oriented scenario, which takes care into 

account the preferences of almost all agents during the consensus reaching process, is 

practically better. 

In the proposed fairness oriented strategy, the situation when a minority must obey 

a majority and change their testimonies accordingly, is ignored. At each consensus stage 

of this fairness oriented consensus reaching process, agents whose testimonies are far away 

from the consensual solution are not the only ones who receive recommendations for 

changes. It obviously provides the sense of satisfaction among the agents during the 

discussion and after the process completion. According to many results from psychological 

research, the satisfaction of human agents (decision makers) has a direct influence on 
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a higher quality of the final decision and several further aspects like, for instance, 

a practical implementation of the final decision or survival of the group in the long time 

period. 

Moreover, a one-time shift of the individual agent’s preference as to some pair of options 

from his/her natural/initial testimony because of a pressure for reaching a mutual consent, 

is not as big as in the efficiency oriented strategy. It reduces a well-known aversion to 

opinion’s changing (related to the so called status quo bias) avoiding the stagnation, and 

makes it possible to reaching better consensual solutions. 
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Chapter 6 

Summary and conclusions 

In this dissertation we have proposed a new approach to the (computer based) consensus 

reaching support system for a small group of (human) agents who present their testimonies 

in the form of individual fuzzy preference relations which specify for each pair of options 

a degree of preference of one option over another, from 0 (standing for a full lack of 

preference) to 1 (standing for the full preference) through all intermediate values. We have 

assume then the classic idea Kacprzyk and Fedrizzi’s (1986) – (1989) concept of a soft 

degree of consensus meant as the degree to which, for instance, “most of the important 

agents agree in their preferences with respect to almost all of the relevant options”. Then, 

we have assumed that the consensus reaching process is a step by step process (iterative) 

which consists of changes of testimonies, i.e. individual fuzzy preference relations, of the 

agents involved. Of course, the underlying assumption is that the agents are rationally 

committed to the reaching of consensus and therefore they are willing to change their 

preferences. These changes are a result of some actions by a “superagent” who is 

responsible for running the consensus reaching session, called a moderator. He or she tries 

to encourage the agents to change agent’s testimonies in a promising direction by some 

rational arguments, persuasion, suggesting strategic behavior, etc. An important 

assumption is that the model of changes the testimonies by agents in response to those 

suggestions (advice) is not available, and that the agents are autonomous so that they 

cannot be forced to change their testimonies, and only a suggestion can be formulated. 

We have assume that some additional information and knowledge on some intrinsic 

relations between the agents and their testimonies, dynamics of changes, etc. may be useful 

for the moderator to run the consensus reaching session. We have used for this purpose 

a novel approach by Kacprzyk and Zadrożny (2004) in which these relations are expressed 

by linguistic summaries, i.e. short sentences in natural language which subsume the very 

essence of data, and are very human consistent because for the human being the only fuzzy 

natural means of articulation and communication is natural language. This provides a much 

needed help to the moderator. 

The moderator has then to solve the problem of which agents should be chosen to work 

with, i.e. to suggest that they change their testimonies. Basically, we have analyze in this 

context two attitudes: optimistic an pessimistic. The optimistic one boils down to the 

choosing of those agents who are the closest in their preferences to the consensus, i.e. to 



  122 

the preferences which best represent the whole group, while the pessimistic attitude is the 

opposite, that is, the moderator chooses those agents who are the farthest in their  

testimonies to the consensus.  

Then, we have added a fairness oriented analysis to our model in which not only the 

promising agents have been taken into account for suggesting possible changes of 

testimonies but also non(less)-promising ones, in addition to the promising ones.  

The new tools and techniques developed, and their based moderator run decision support 

system, have been thoroughly tested on a well-known example known from the literature, 

and also some practical problem of reaching consensus in a student council at a university. 

The results have been promising, notably the new tools and techniques related to the use 

of linguistic summaries, multicriteria and fairness oriented analyses have proved to be 

a very valuable help to the moderator, and have significantly contributed to the 

effectiveness and efficiency of the consensus reaching process. It has been confirmed both 

by formal analyses and numerical experiments. 
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Chapter 7 

Remarks on possible further research 

The setting and model of a moderator driven computer based support of consensus 

reaching presented in this dissertation provides many possibilities for extensions in further 

works. Some possibilities, which can be interesting, novel and fruitful, will be listed below.  

First of all, in our cost of change based model, a natural area of further research is 

obviously a differentiation of costs incurred by changes of testimonies to take into account 

some different and even varying (dynamics) characteristic features of agents, as well as 

the dependence on the context.  

These initial ideas were proposed in one of our papers (cf. Gołuńska and Kacprzyk, 2014c) 

in which an attempt to measure the cost of a consensus reaching process by a function 

corresponding to the changes in agent’s testimonies in a small group of people was 

analyzed using some results from social sciences and psychology, basically through 

a mathematical formalism in order to model a human behavior by accounting for some 

endogenous and exogenous forces. We distinguished either a nonlinear force which tried 

to bring back the current agent’s opinion towards his or her initial testimony or a nonlinear 

influence of the moderator who brought testimonies closer to each other but becoming 

weaker for high differences between them. We used some assumptions from the model 

presented by Gabbay (2007, 2007b). In our approach, the cost of each consensus reaching 

process consists of two factors that can be then aggregated by using the weighted sum: the 

agent related incurred cost, related with the changes of the agent’s testimonies towards the 

consensus, and the systems incurred cost, the so called “refusal cost”, that results from an 

opportunity that each agent may accept or reject an advice given by the moderator. We 

used some clues from the theory of attitude change and small group dynamics known in 

the social and cognitive psychology (cf. Hogg, 2011) which shows how testimonies of each 

agent change because of an interplay of some endogenous and exogenous forces. As to the 

agents related incurred cost, our model was based on Gabbay’s (2007a) concept of 

a natural preference of an agent which represents his or her worldview, beliefs and 

attitudes. The pivotal elements of the proposed model, concerning sociological and 

psychological settings of the agent’s environment, can be summarized as follows. First, 

each change of agent’s testimonies is subject to: the self-bias force and the influence force. 

The self-bias force is the pressure that each agent feels when his current testimony as to 
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some pair of options differs from his initial natural preference. Main properties of the self-

bias force are as follows: its value is proportional to the difference between the agent’s 

current testimony and his natural testimony and it directly depends on the agent’s 

commitment to his natural preference. As to the influence force, i.e. the tension that an 

agent feels when he is persuaded by the moderator to change some of his testimonies, it 

increases approximately linearly for small preference differences but weakens for 

distances greater that the agent’s area of acceptance. 

As a possible further research direction, we also plan to verify the usefulness of the 

proposed group decision making models in a more comprehensive problems setting, i.e. 

a multi-criteria decision making. Obviously, the multi-criteria setting implies a need for 

some modification of concepts, tools and techniques proposed in this dissertation. In other 

words, to improve the efficiency of the process we need to use some additional 

suggestions/hints provided for the moderator in the form of linguistic summaries, modified 

to the multi-criteria setting. In our last paper (Gołuńska and Kacprzyk, 2016), we present 

a first attempt at such a multicriteria based consensus reaching problem. We assumed that 

a set of options is characterized by a set of attributes/criteria. We also considered that a set 

of criteria for all options and all agents are the same but the importance weights were 

assigned to the particular criteria independently by each agent. Initially, the agents 

discussed their options under consideration and presented their testimonies by providing 

values for the attributes/criteria of all options, as well as importance weights for the 

particular criteria. In other words, each agent assessed qualitatively how good a potential 

option was with respect to each criterion. Then, based on such information, the system 

automatically generated a preference structure that corresponded to, and resulted from the 

agents’ testimonies provided, taking into account both the multiple agents and multiple 

attributes/criteria.  

 

Finally, a fruitful area of a further extension could be the use in our general framework of 

consensus reaching the recent Kacprzyk and Zadrożny’s (2016) work in which, also in the 

setting of fuzzy individual and social preference relations and a fuzzy majority, new 

concepts of so called consensory and dissensory agents are introduced, and they are used 

in a different way in the derivation of a degree of consensus. The consensus reaching 

support is, similarly as in this work, moderator driven, and proceeds by providing the 

moderator with some additional information in the form of linguistic summaries though 

the linguistic summaries used are now different than in this dissertation. 
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